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Abstract. A new two-phasetheoryemploying a nonequilibriumrelationbetween
interfacialsurfaceenergy, pressure,andviscousdeformation[Bercovici et al., this
issue]providesa modelfor damage(void generationandmicrocracking)andthus
a continuumdescriptionof weakening,failure,andshearlocalization. Herewe
demonstrateapplicationsof thetheoryto shearlocalizationwith simpleshearflow
calculationsin which onephase(thematrix, representing,for example,silicate)
is muchstronger(moreviscous)thantheotherphase(thefluid). This calculation
is motivatedasa simple modelof plate boundaryformation in a shearzone.
Evenwithout shearthetwo phaseseventuallyseparatedueto gradientsin surface
tension.However, theinfluenceof shearon phaseseparationis manifestin several
ways. As shearvelocity increases,the separationrateof the phasesincreases,
demonstratinga basicfeedbackmechanism:Accumulationof the fluid phase
causesfocusedweakzoneson which shearconcentrates,causingmoredamage
andvoid generationandthusgreateraccumulationof fluid. Beyondacritical shear
velocity, phaseseparationundergoesintenseaccelerationandfocusing,leadingto
a “tear localization” in which theporositybecomesnearlysingularin spaceand
growsrapidly likea tearor crack.At anevenhighervalueof shearvelocity, phase
separationis inhibited suchthat shearlocalizationgivesway to defocusingof
weakzonessuggestiveof uniform microcrackingandfailurethroughoutthelayer.
Our two-phasedamagetheorythuspredictsa wide varietyof shearlocalization
and failure behavior with a continuummodel. Applicationsof the theory to
variousfields,suchasgranulardynamics,metallurgy, andtectonicplateboundary
formationarenumerous.

1. Intr oduction

A widevarietyof solidmaterialsdisplaystronglynonlin-
earrheologicalbehavior in that they undergo severeweak-
eningunderdeformation.Suchweakeningoften leadsto a
feedbackmechanismwhereindeformationor shearconcen-
trateson theweakzone(beingmosteasilydeformed),caus-
ing furtherweakening,andthusmorefocusingof shear. This�
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phenomenonis widely referredto asshearlocalizationand
is apparentin many field of physics,including,for example,
metallurgy [LemondsandNeedelman, 1986],rock mechan-
ics [Poirier, 1980;Jin et al., 1998,andreferencestherein],
granulardynamics[e.g.,Scott, 1996;Géminard etal., 1999,
andreferencestherein],andglaciology[e.g.,YuenandSchu-
bert, 1979]. Oneof themostfundamentalmanifestationsof
shearlocalizationarisesfrom the couplingof viscousheat-
ingandtemperature-dependentviscositywhereinthezoneof
dissipative heatingweakensand thus focusesdeformation,
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leadingto furtherheatingandweakening;thismechanismis
thoughtapplicableto problemsin metalweakening,glacial
surges, and lithospheredynamics[Schubert and Turcotte,
1972; Yuenand Schubert, 1979; Poirier, 1980; Balachan-
dar et al., 1995; Bercovici, 1996; Thatcher and England,
1998]. In granularmedia,localizationis dueto dilation of
themediumleadingto effectively weaker rarifedzonesthat
concentratedeformation,which in turn agitatesthemedium
causingfurther dilation [Géminard et al., 1999, and ref-
erencestherein]; this phenomenonis of potential impor-
tancein earthquake dynamics[Scott, 1996; Marone, 1998;
seealso Segall and Rice, 1995; Sleep1995, 1997]. An-
othershearlocalizationmechanismarisesfrom thereduction
of grain size understressin solid-statecreepmechanisms
which have grain-size-dependentviscosities(i.e., grain re-
duction leadsto zonesof weaknesswhich concentratede-
formation,increasingstressandthusfurther reducinggrain
sizeandenhancingweakening); this mechanismis thought
to bea basicingredientof crustalandlithosphericdeforma-
tion [Karato, 1989;Jin etal., 1998;Kameyamaetal., 1997].
Finally, materialthat undergoesbrittle or combinedbrittle-
ductile deformationcan,with large strain,experiencecon-
centrationof microcrackand void populationsdeveloping
weakbandson which deformationfocuses,leadingto fur-
thercracking,weakening,andinvariablyshearlocalization;
this phenomenonoccursin theprocessof dilatantplasticity
[Lemondsand Needelman, 1986; Mathur et al., 1996] and
possiblythroughmuchof thecrustandlithosphere[Kohlst-
edtet al., 1995;EvansandKohlstedt, 1995;Lockner, 1995;
Regenauer-Lieb, 1998].

At the largestscale,shearlocalizationis proposedto be
crucial for thegenerationof tectonicplatesfrom a convect-
ing mantle,for which many of themechanismslistedabove
are potentially important [Bercovici, 1993, 1995a,1995b,
1996,1998;Tackley, 1998,2000] (seereview by Bercovici
et al. [2000]). The longevity of plate boundaries[Gur-
nis et al., 2000], and the inferencethat muchof the litho-
sphereundergoescombinedbrittle-ductilebehavior [Kohlst-
edtet al., 1995;EvansandKohlstedt,1995]have motivated
some[Bercovici, 1998; Tackley, 1998] to considerthat the
primaryweakeningmechanismthat leadsto plateboundary
formationis dueto damage,thatis, void andmicrocrackfor-
mation.Suchdamageis assumedto beexcitedor controlled
by the stressstateor deformationalenergy of the system
[e.g., Lemondsand Needleman, 1986; Povirk et al., 1994;
Lyakhovsky et al., 1997;Bercovici, 1998]. In many damage
treatmentsthephysicsof fractureanddefectformationis pa-
rameterizedby an internalstructuralquantity, e.g.,density
of defects,that representsthe stateof damageof the mate-
rial andis henceoftenreferredto asthe“damage”parame-
ter. This quantityis assumedto beanadditionalthermody-
namicstatevariable[AshbyandSammis, 1990;Hansenand
Schreyer, 1992;Lemaitre, 1992;Lockner, 1995;Lyakhovsky
et al., 1997]thatcontrolsweakeningof thematerial.

In our approach,rather than assumethe existenceof a
structuralor damagevariable,weemploy two-phasephysics
and interfacethermodynamicsto incorporatethe essential

underlyingphysicsof void and microcrackformation into
continuumtheory. At a mostfundamentallevel the energy
involved in damage,or, in particular, the generationof mi-
crocracksandvoids, is associatedwith surfacefree energy
createdontheboundarybetweenthevoid andthehostmate-
rial [Griffith, 1921;Jaeger andCook, 1979;Atkinson, 1987;
Atkinsonand Meredith, 1987]. At a minimum, a material
with voidsis a two-phasemixture(assumingthehostmate-
rial andthesubstancefilling thevoidsarebothhomogeneous
matter);hencethesurfaceenergy in questionis thefreeen-
ergy existingat theinterfacebetweenphases.In thefirst pa-
perof thisseries[Bercovici etal., this issue],(hereinafterre-
ferredto asBRS1),weestablisha continuumtheoryto treat
two-phasemotion accountingfor the creationof interfacial
surfaceenergy. In thesecondpaper[Ricardetal., thisissue],
(hereinafterreferredto as RBS2), we examin applications
of this model to problemsof deformationandcompaction
andto gravity-inducedsettlingwhensurfacetensionis sig-
nificant. In this final paperwe examineapplicationsof the
BRS1theoryto damageandshearlocalization.In particular,
thetheorytreatsthegenerationof interfacialsurfaceenergy
throughdeformationalwork, leadingto formationof inter-
facialareaby void nucleationandgrowth. Theinducedvoid
densityor porosity is thus the expressionof damage,and
regionsof highvoid densityarestructurallyweakened,lead-
ing to concentrationof deformation,further damage(void
generation),weakening,and,invariably, shearlocalization.

2. BasicTheory

BecauseBRS1 derived the completetwo-phasetheory,
we only briefly presentthegoverningequationsfor thepur-
poseof referencing.Subscripts

�
and � refer to fluid and

matrixphases,respectively. All dependentvariablesarenot,
in fact,truemicroscopicquantitiesbut areaveragedover the
fluid or matrix spacewithin small but not necessarilyin-
finitesimalcontrolvolumes(seeBRS1).Moreover, all equa-
tions are invariant to a permutationof subscripts

�
and �

and, implicitly, a switch of � and ����� , where � is void
or fluid volumefraction,or porosity; this propertyis called
“material invariance”(BRS1).

1. Conservationof massyields two equationsinvolving
transportof thefluid andmatrixphases:	 �	�
������� ����������� (1)	�� ������ 	�
 �!�"��� � �#���� $�&%'�����)( (2)

where � � and and � % are the fluid and matrix velocities.
Alternatively, (1) and(2) canbecombinedto yield equations
thatdescribetransportof porosityandcontinuityof average
velocity, respectively,	 �	*
�,+� �-� �.� ����� � � �#���� 0/��1� (3)�"�2+�3���)( (4)
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wherethe averageanddifferenceof any quantity 4 arede-
finedas +45���*4 � � � �#�6�� 04 % ( /�45��4 % �64 � ( (5)

respectively.

2. Themomentumor forcebalanceequationsalsoyield
equationsdescribingthedynamicsof thetwo phases:�7���6� � �98 � �;: �=<&>? � ���"�@� �BA � ��DC /7� � � � / 87� � �!� �FE1G  H� (6)

�7��� � �����* �I�38 % �;: %J<&>? � ���"��� � ���;�* KA % �� C /�� � � ���6�� � / 87� � ��� �FE1G  H�L( (7)

where8 � and 8 % arethefluid andmatrix pressures;: � and: % are the fluid andmatrix densities,both assumedto be
constant;A � ��M � N � � � ��� � � � �POQ�SRT � �"� � �  KU V (8)

A % ��M&% N � �&% ��� � �&%J� O �SRT � �"� �&%5 KU V (9)

are the fluid and matrix deviatoric stresses,C is a coeffi-
cientof proportionalityfor theviscousinteractionforcesbe-
tweenthephases,

E
is thesurfacetensionwhich is possibly

temperature-dependent,G � GQW �*X � �����* ZY (10)

is theporosity-dependentinterfacialareaperunit volumein
which

G W
is a constantwith unitsof []\1^ , _ and ` arecon-

stantsab� , and c G�d ce� is theaverageinterfacecurvature(see
BRS1for adiscussionof thepropertiesof theinterfaceden-
sity). Equations(6) and(7) canbecombinedinto a mixture
anddifferenceset:�7�,� � +8f�!�"�B+A � +: <1>? �!� �FE1G  (11)

�7���6� � ������ �g� / 8h� / : <&>? ��f�"��� � � �#�6�� Z/7A �B� +A �-� �i� C /7�kj (12)

3. The energy equationis separatedinto two coupled
equationsrepresenting(1) theevolutionof thermal(entropy-
related)energy, and(2) the rateof work doneon the inter-
faceby pressure,surfacetension,andviscousdeformational
work:

:eC lnml 
 � m ll 
po c Ec m Grq ��st� ���vu�xw o l �l 
 qJy � � ��� �  Zz (13)

/ 8 l �l 
 � E l Gl 
 � � z�� w{o l �l 
 qJy ( (14)

where m is the temperature(assumedthe samein both
phases),s is an intrinsic heatsource, u is an energy flux
vector (accountingfor heatdiffusion and possiblyenergy
dispersion;seeBRS1),andzb� C /�| y � � � �}�~�A � � � �����* � �&%S~�A % (15)

(where/7| y ��/7� � /�� ) is theviscousdeformationalwork,
a fraction

�
of which is partitionedinto storedwork (in this

modelstoredasinterfacesurfaceenergy) while theremain-
ing part goestoward dissipative heating[Taylor and Quin-
ney, 1934;ChrysochoosandMartin, 1989];seeBRS1for a
discussionof thepartitioningfraction

�
. Thequantity w has

unitsof viscosity, andthetermassociatedwith it represents
irreversibleviscouswork doneon poresandgrainsby the
pressuredifference/ 8 during compactionor dilation (see
BRS1andRBS2).Simplemicromechanicalmodels(BRS1)
suggestthat w �f�n� � M % � M �  � � �#�6�� ( (16)

where � � is a dimensionlessfactoraccountingfor poreor
graingeometry;it is typically � � �- (seeBRS1).Theaverage
heatcapacitypervolumeof themixtureis:LC �t� : � C � � � ���6�� : % C % (17)

(whereC � and C % aretheheatcapacitiesof thefluid andma-
trix), andthematerialderivativesin (13)and(14)aredefined
as ll 
 � 		*
 � +� �-� (18)

ll 
 � �:LC o � : � C � l �l 
�� � ������ : % C % l %l 
 q (19)

in whichl �l 
 � 		*
 � � � �-� ( l %l 
 � 		*
 � � % �v� j (20)

Relation(14) canbe considereda nonequilibrium,mix-
tureproxy for thestressjump conditionacrosstheinterface
betweenphases(seeBRS1for furtherdiscussion),giventhat
the interfacelocationandorientationcannotbe known in a
mixture theory. However, this relation with

� z��"� also
describesthe depositionof deformationalwork as surface
energy; asmoredeformationalwork is imposed,moreinter-
facial surfaceareais createdto storethe energy, generally
leadingto growth in void densityor porosity. Throughout
thispaper, for thesakeof brevity, wereferto theapplication
of viscousdeformationalwork to the generationof surface
energy (i.e.,caseswith

� ��� ), thusleadingto growth in in-
terfaceareaandvoid density, as“damage”,althoughstrictly
speaking,this maynot be thesamedefinitionof damageas
usedelsewhere [Ashbyand Sammis, 1990; Lyakhovsky et
al., 1997;seeLemaitre, 1992;HansenandSchreyer, 1992,
andreferencestherein].We will examinea few simpleone-
dimensional(1-D), time-dependentscenariosto illustratethe
basicphysicsof shearlocalizationthroughthedamagepro-
cessaspredictedby this theory. Presently, we will assume
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Figure 1. Sketchof modelgeometryfor one-dimensional
shearand self-separationcalculations. Dimensionalvari-
ablesareshown. After nondimensionalization,�;����� is
replacedby ���b�����@� and ����� is replacedby �5� .

that
E

is constantsuchthat temperaturem hasno influence
on thedynamics.We will considerthermaleffectsin future
papers.

Wewill first examinethesimplestpossiblephysicsof un-
forced phaseseparationin the absenceof damage(

� z��� ), a processhencecalled“self-separation”.Although this
problemdoesnot explicitly pertainto damageandshearlo-
calization,it is importantto examineasa startingpoint for
understandingdamageprocesses.

Last, we will examinethe influenceof shearand dam-
ageor deformationalwork (

� z���� ), which leadsto highly
acceleratedseparationof thephases,resultingin weakening
andenhancedshearover concentrationsof the fluid phase
andthusa runaway shearlocalization,termeda “tear local-
ization,” suggestiveof crackformation.

3. GeneralOne-DimensionalEquations

Ourmodellayeris infinitely longin the � directionandisR � wide,goingfrom �p���#� to � � (Figure1). Thebound-
ariesareimpermeableandno slip andmove in the � direc-
tionwith equalandoppositevelocitiesof magnitude� � ; thus
at ������� , | %�� ��| �Z� ����� � and | %�� ��| �K� ��� . (For
self-separationthe � componentof the boundaryvelocities
is irrelevant.) In someinstances,we consideraninfinite do-
main( �;��� ) for which theseboundaryconditionsrequire
someadjustment;thesecaseswill be discussedasneeded.
We specify that all dependentvariablesdependonly on �
andtime



.

Becausethe systemis one-dimensionaland the bound-
ariesat �p�t��� arerigid (i.e., | %�� �h| �K� ��� at thebound-
aries,or as �]���5� ), thecontinuityequation(4) becomes��|�� � � � ������ $|�% � ��� ; if �; ��� , thenwe obtain|�� � ��� �¡�;�� |�% � ( /7|�¢£�f|�% � d �.j (21)

Massconservation(2) (or (3)) yields	 �	�
 � 		 � � � ���6�� K|�% � �¤j (22)

Our layer is assumedto be in the horizontal � - � plane
suchthatgravity doesnot appearin therelevantforceequa-
tions. We also assumethat M}�,¥¦M&% and that the fluid

macroscopicstressesare negligible relative to other fluid
forces; thuswe neglect A � but retain interfaceforce terms
proportionalto C /7� . Given the formula for C in the limitM � ¥�M % [seeBRS1;McKenzie, 1984;Spiegelman, 1993a,
1993b,1993c],we obtainC � M � � y§ W �*¨ ( (23)

where
§ W

is a referencepermeability;adoptingthecommon
andsimplifying assumptionthat ©ª� R (which is reallyonly
valid for smallporosities),C ��M}� d § W is a constant.

With theaboveassumptionsthe � componentof thefluid
force equation(6) yields C /7| � �«� , which implies that| �0� �"| %�� throughoutthe medium. The � componentof
thematrix forceequation(7) becomes�7�hM&% 		 � N � �#���� 	 |�% �	 � V j (24)

Theonly equationnecessaryto describetheforcebalance
in the � directionis (12),which,with theaboveassumptions,
becomes�7�,�J� � �&��� 	 / 8	 � �;¬T&M&%�� 		 � N � ���6�� 	 |�% �	 � V � C |�% �� j

(25)

Assumingthat
E

is constant,thefinal necessaryequation
is (14),which,with ourassumptionssofar, becomeso / 8f� E c Gce� � �n� M&%� � �#���* 	 �	*
 q 	 �	�
 � � z�( (26)

wherezt� C | y%��� y � M&% � �����* 5 o 	 | %��	 � q y �S¬T o 	 | %��	 � q y¯® j
(27)

We must also considerthe specialsituationof �°�±�
(since(21)–(27)arevalid for �.²,�;²�� ). In this case,and
given our assumptionsso far, (4) becomes/�|�¢ 	 � d�	 �,�	 |�% � d�	 � . However, since �;�³� is the minimumvalueof� , 	 � d�	 ����� when �;��� , andthus

	 | %�� d=	 ���³� ; also,
with therigid boundaries,| %�� �t� when �´�t� . Thesetwo
constraintson | %�� leadto

	 � d�	*
 ��� (from (22)). Thesere-
lationswouldthenreplace(22)and(25)astherelevantequa-
tionsfor thecase�.��� . Similarconditionsexist for thecase�]�S� , assumingthatourbasicapproximations(e.g.,that A �
is negligible) areapplicablein this limit.

To nondimensionalizethegoverningequations,we usea
lengthscaleµ that is characteristicof thewidth of thefluid
zoneuponcompletephaseseparation(or thesumof all fluid
zonewidths if thereare multiple regionsof phasesepara-
tion). We do not choosethe layer width � as our length
scalesincewe considersomecasesinvolving infinite do-
mains,i.e., �¶�·� ; in thesesituationswe assumethat a
finite amountof fluid is presentand thus the width of the
zoneof separatedfluid is finite. Wealsodonotusethecom-
pactionlength ¸ ¬ M&% d2� T C  (seeRBS2)asour lengthscale
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sincewewishto varytheresistanceto Darcy flow character-
izedby thecoefficient C . We thusassignµ to becharacteris-
tic of thehalf width of thefluid zoneandthereforeconsider
two possiblecases:

1. If the layer is finite, then the half width of the fluid
zoneis �R7¹»º&¼\ ¼

�*c@�p���J½¤�*¾¯( (28)

where ½¤��¾ is thevolume-averagedporosity. Ratherthanpre-
scribe ½¤��¾ , we assumeit is typically of order �v� \ y andthat
thecharacteristicscalefor thehalf width of thefluid zoneisµb�S���)\ y � . This lengthscalewill beappliedto mostof our
cases.

2. When the layer is infinite ( �°�·� ), we mustalter
thedefinitionof µ slightly. In this situationwe assumethat� � �) is well behavedas �9�¿�5� , that is, it decaysover a
finite width ÀÁ whichwe referto asthescalewidth of � . The
scalewidth ÀÁ canchangein time asthepeakporositygrows
or decays.Thehalf width of thefluid zoneis then�R7¹»º}Â\ Â

��c@�p��Ã ÀÁ min ( (29)

whereÃ is adimensionlessconstant��� (anddeterminedby
the shapeof the function � � �) ; seesection4.3.1 in which
one obtains Ã��ÅÄ d R ), while ÀÁ min is the minimum allow-
ableporosityscalewidth obtainedwhen the peakporosity
reaches1; ÀÁ min is thereforeapproximatelyequalto the half
width of the fluid zone. Thus, in this situationwe chooseµb� ÀÁ min.

In bothof the above cases,the lengthscaleµ is charac-
teristicof thefluid zonehalf width, andthusall modelsitu-
ations,whetherthedomainsarefinite or infinite, arecompa-
rablyscaled.

With thenondimensionalizationof distanceby µ , timeby¬ M % d2� T E1G�W  , andpressureby
E1GQW

, thegoverningequations
become 	 �	*
 � 		 � � � ���6�� $Æ#�¤( (30)

�7� 		 � N � ������ 	*Ç	 � V�( (31)

�£���J� � �����* 	 /�È	 � � � 		 � N � ���6�� 	 Æ	 � V ��É Æ � ( (32)

o /�È � c GQÊcL� � Ë� � �#���� 	 �	*
 q 	 �	*
 � � z Ê ( (33)

where �FÇ (ZÆ' k� N ¬ M&%T µ E1G�W V � |�% � (Z|�% �  (34)

arethedimensionlessmatrixvelocities,/�È�� / 8E1G�W (35)

is thedimensionlesspressuredifference,

z Ê ��É Æ y� y � � ���6��  T¬ o 	*Ç	 � q y �{o 	 Æ	 � q y ® (36)

Table 1. Key DimensionlessVariablesandParametersfor
theOne-DimensionalModel

Variableor Description Defining
Parameter Equation� porosity (30)Ç � (along-channel)velocity (31),(34)Æ � (cross-channel)velocity (32),(34)/�È matrix-fluidpressure (33), (35),

difference (59)z Ê rateof deformationalwork (36)GrÊH� �� interfaceareaperunit vol- (37)
ume( c GQÊÌd cL� equalssum
of interfacecurvatures)Í � �� coefficient for surfaceten- (43)
sionforce(proportionalto�#c y GQÊÌd cL� y )Î � �Ì
  peak � (for amplitude (47)
analysis)Ï � �Ì
  peakÆ (for amplitude (50)
analysis)Á2�Ì
  Ð� porosityanomalyhalf width (47),(49)� d Î � �Ì
  (for amplitudeanalysis_�(Ñ` interfaceareaandcurvature (37)
exponents(control
dependenceof

GrÊ
on �É Darcy resistancecoefficient (39)

(relatedto compaction
length)Ë coefficient for viscous (16),(38)
resistanceto
compaction/dilation� imposedshearvelocity in (40)� direction�

partitioningfractionof (33), (58)
deformationalwork
appliedto interface�&Ò

maximumvalueof
�

(58)Ó controlsdependenceof (58)�
on
	 � d=	*
Ô proportionalto

�&Ò � y d Ó (62)
(scalingparametercontrol-
ling thedependenceof
damageon � ,

�&Ò
and Ó )

G Ê � G�d�G W �t� X � ������ Y ( (37)Ë � T �n� d ¬ ( (38)Éi� T C µ y¬ M&% ( (39)

which containsinformation about the compactionlength¸ ¬ M&% d)� T C  [seeRBS2; McKenzie, 1984]; seeTable1 for
summaryof dimensionlessvariablesandparameters.

For finite layersin which µ,�S�v�2\ y � , thedimensionless
domainis given by �5���@�fa"�Sa��v��� , and the boundary



BERCOVICI ET AL.: TWO-PHASECOMPACTION AND DAMAGE,3, SHEAR 6

conditionsonvelocityarenowÆt���)( Ç �t�5�b�t� ¬ M&%'���T µ E1G�W (40)

at �h�Õ�����@� . For infinite layers( �{�Õ� and µÕ� ÀÁ min)
we obtain �'�Öa¶��a"� and Æ×�Ø� as �h�Ù�5� ; the
boundaryconditionson

Ç
requireslightly morediscussion,

which wedeferto section5.3.1.

4. Self-Separation

In this paper, shearlocalizationoccursbecausewith im-
poseddeformationthefluid andmatrixseparatefrom anini-
tially homogeneousmixture and the concentrationof fluid
causesa weakzoneon which shearfocuses.However, even
without imposedshear, the phasesundergo unforcedself-
separationin the presenceof surfacetensionand porosity
gradients. For example, a positive porosity anomalyhas
a smaller averageinterface curvature c GÚd cL� , and thus a
smallersurfacetensionforceactingon thefluid, thanin sur-
roundingareas.Thiscausesafluid pressurelow in theporos-
ity anomaly, whichtherebyattractsmorefluid, causinginfla-
tion of the porosityanomalyandself-separation.The self-
separationeffect is alwayspresent,andin many ways,shear
anddamagemerelyact to acceleratethis self-separation.It
is thereforeimportantto elucidatethephysicsof simpleself-
separation.However, it shouldbe understoodthat the self-
separationinstability describedhereinis neitherdirectly re-
lated to, nor offsets, the stabilizationof crack and bubble
nucleationby surfacetension;in the former casethe insta-
bility essentiallyinvolves coalescenceof preexisting fluid
bubbles(or matrix grains)asoccursin oil andwater(sans
gravity), while the latter reflectstheadditionalwork neces-
saryto grow or nucleatenew bubblesor cracksbecauseof
surfacetension(thiseffect is explicitly in thetheorythrough
(14)). Dif ferentaspectsof self-separationeffectarealsodis-
cussedin RBS2aspertinentfor percolationandcompaction
problems.

4.1. SpecificEquations

For simpleself-separationwe assumethatdamageor de-
formationalwork on theinterfaceis negligible comparedto
surfacetensionandpressurework, (

� z Ê �f� ), in whichcase,
(33)becomes /�È��S� c G ÊcL� � Ë� � ���6�� 	 �	*
 (41)

(assumingthat (33) holds for all
	 � d=	*
 ); note that in the

limit of static equilibrium
	 � d�	*
 � � , (41) recovers the

Laplaceequilibrium condition for surface tension /�ÈÛ��#c GrÊÜd cL� , where c GrÊÌd ce� representsinterface curvature.
Since

� z Ê is neglected,the � componentof velocity
Ç

hasno
influenceon thedynamicsof separationandthusthereis no
externalforcing of phaseseparation;it is thusunnecessary
to solve (31), andall solutionsarethereforeindependentof
theboundaryvelocity � .

Apart from themassconservationequation(30), theonly
relevantequationis obtainedby usingtheforcebalance(41)
to eliminate /�È from (32) (and multiplying the resulting
equationby � � �#���* ) to yield�£��� Í � �* 	 �	 � � � y � ���6�� 		 � N � ������ 	 Æ	 � V� Ë � y � ������ y 		 � N �� � �#���� 	 �	*
 V ��É � �#���* KÆ£( (42)

whereÍ � �� k�t�*X � ������ 0YvÝ@_ � ����_2 � � _ � `B�i�v � R _Ú� � _ � `Þ 0�B�Ü��ßLj(43)
As notedby RBS2,thequantity

Í � �� is positivefor all _*(r` ,
and � , given ��ah_*(à`-(Ñ�ªa�� .
4.2. Linear Stability Analysis

We next examinetheinitiation of self-separationfrom an
infinitesimalperturbation.We prescribethe mediumto be
finite ( �5�v���fa��Sa��v��� ) and to have a static basicstate
( Æ���Æ¡����� ) with constantporosity �B� . Includingpertur-
bationsto this basicstate,we write porosityandvelocity as���"��� �tá � ^ and Æ"� á Æ ^ , respectively, where á ¥·� .
Thus(30)and(42)become,to order á ^ ,	 � ^	*
 � � ���6���= 	 Æ ^	 � (44)

�7�,� Í � 	 � ^	 � � � � � Ë � � �  � ���]� �  y 	 y Æ ^	 � y �]É � ���´� �  $Æ ^ (
(45)

where
Í �h� Í � ���= , and we have used(30) to eliminate	 � d�	�
 from (42). Assumingboth � ^ and Æ ^ go as âvãåä ¢ ºræ O ,we arriveata dispersionrelationfor thegrowth rateç � Í � § y��� � Ë � �B�- � �#�6���= § y � É j (46)

Given that
Í � is greaterthan � , the growth rate ç �±� ,

and thus all perturbationsare unstable. However, thereis
no one maximumgrowth rate ç at a finite value of

§
and

thusno leaststablemode.Nevertheless,thereis somescale
selectionbecausethe function ç � §  actsasa high-passfil-
ter; that is, all modeswith

§´è ¸ É d � ��� � Ë � ���v � �#���B�= H�
arepreferredsincethey grow at the maximumgrowth rateÍ � d � ��� � Ë � ���- � �Å� ���v $� , while modes with§ a¿¸ É d � �B� � Ë � ���= � �������- $� grow much more slowly
andwill beeffectively “filtered out.” Thus,if É�¥Û��� � Ë ��B�= � �J�;���- , essentiallyall modeswill grow equallyfastat
themaximumrate;in this case,thereis effectively no resis-
tanceto Darcy flow andfluid canbedrawn from any distance
(i.e., the compactionlength is effectively infinite). An in-
creasein thevalueof É causeslonger-wavelength(smaller

§
)

perturbationsto befilteredoutrelativeto shorter-wavelength
features;this processreflectsthe fact that the greaterresis-
tanceto Darcy flow precludesmigrationof fluid over large
distancessuchthat fluid is only drawn from within a finite
compactionlength ¸ ¬ M&% d2� T C  . (SeeRBS2for furtherde-
tailsaboutcaseswith finite É .)
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4.3. Nonlinear Solutions

In this sectionwe seeknonlinearsolutionsto our one-
dimensionalsystemof self-separation. We first examine
somesimple analytical relationshipsfor the amplitudeof
nonlinearsolutionsandtheninvestigatesomenumericalso-
lutionsto thefull equations.

4.3.1. Amplitude analysis. An approximatesolution
for thegrowth in amplitudeof aporosityanomalycanbeob-
tainedby assumingformsof solutionswith thepropersym-
metryaboutthemidplane����� . In particular, If � is aneven
function of � andmaximumat ���°� , thenself-separation
will occur suchthat matrix material flows away from the
planeat ����� , while fluid flows toward it; in this case,Æ would be an odd function of � (positive for �t�é� and
negative for �;²�� ). We assumethat the porosityanomaly
variesin � only over the(dimensionless)scalewidth

Á
with

a self-similarshape;for simplicity, we assumethat�´� Î W �Ì
  � � � y d=Á y �Ì
  ( (47)

althoughothersymmetricfunctionswouldalsosuffice. Since
we prescribe� � �2 to be self-similar, varyingover only one
lengthscale

Á
, wemustprecludetheinfluenceof otherlength

scales. To this end, we assumean infinite domain, i.e.,�'� a��{aÅ� , and an infinite compactionlength, i.e.,É���� , suchthatno additionalscaleselectionoccursat the
onsetof theself-separationinstability(seesection4.2onlin-
earstability). Thescalewidth

Á
is notconstant;thatis,asthe

porosityamplitude
Î W

grows,
Á

mustshrinkin orderto con-
servemass;indeed,by fluid massconservation,

¹;ºrÂ\ Â
� � �) Kc@�p��Ä Î W �Ì
  Á2�Ì
  k��ê¯ë@ìBí0î�j (48)

Themaximumallowablevalueof
Î W

is 1, atwhichpoint the
minimum

Á
obtainedis also1 (having, with our infinite do-

main,nondimensionalizedlengthsby the dimensionalmin-
imum scale-width ÀÁ min; seesection3). Therefore,by (48),Î W��F
  Á2�F
  k�S� , or Á2�F
  k� �Î W��Ì
  j (49)

Weassumethatthedependenceof Æ on � d=Á alsofollows
a self-similarshapethatvanishesat �]���5� ; however, the
shapeof Æ may be slightly more complex than that of � .
In thesimplestexample,if thefluid momentumequationre-
ducedto Darcy’s law (correspondingto the assumptionsofM � ¥ÕM % andweakcompaction/dilation,

	 � d=	*
 ¥ï� ), then
in our 1-D system,Æxðx� y 	 È � d�	 � , where È � is the di-
mensionlessfluid pressure.If we crudelyassumethat the
fluid pressureanomalymirrors the porosity anomaly(i.e.,È'��ð � � � � y d�Á y  ñ\1^ ), thenwe canwriteÆt� Ï W � d=Á� � � � y d=Á y  $ò ( (50)

suggestingthat ó Æ�ó decayswith ó �&ó morerapidlythandoes� .
With signficantcompaction/dilation(nonnegligible

	 � d=	*
 )

the relationfor Æ is only slightly morecomplicated.Thus
for thesakeof simplicity, we continueto employ (50).

If we substitute(47) and(50) into (30) andinto
	&d=	 � of

(42) (wherethe � derivativeis takensothatthetermsin (42)
areevenabout�n�f� ) andevaluatetheresultingtermsat the
centerline�n�f� , weobtain	 Î W	*
 � Î W�� ��� Î W  Ï W (51)

�£� Í � Î W  Ú� Î W � ��� Î W  )ô Î W � � R ��� T Î W  � Ë � �@���!� T Î W  $õ Ï W ( (52)

wherewe have used
Á ��� d Î W . If otherself-similar trial

functionsarechosenfor � and Æ , theninsteadof thefactors� R ��� T Î W or �����t� T Î W in (52), oneobtainstermsof the
form ö÷�hø Î W in which ö ��ø¿ðD� � �v�@ . Therefore,
given the approximatenatureof the presumedshapesof �
and Æ , weassumefor simplicity thatthedistinctionbetween� R �´� T Î W (or �@�&�´� T Î W ) and � R � �&� Î W  is notmeaningful;
thuswe writeÏ W � Í � Î W  � R Î W � Ë � Î W  � ��� Î W  y ( (53)

which,whencombinedwith (51),yieldsasingledifferential
equationfor

Î W
thathastheimplicit solution
¯� Î W  Ð��� R ¹ � Ë � Î W  � �#� Î W  0c Î WÍ � Î W  j (54)

Analytic solutionsto this integral exist for only a few select_ and `���_ :
1. If _ª�³`���� , thesurfaceenergy is independentof �

andtherewill benoself-separation.In thiscase,
Í � Î W  Ð��� ,

andthe time to causecompleteseparation(i.e., to go fromÎ W ��� to
Î W �S� ) is infinite.

2. If _p��`���� , weobtainanimplicit solution
 � 
 W ��ù N � Ë � �v LúPì o Î W��� Î W q � ËÎ W ( V (55)

where

0W

is an integration constant. Although separation
doesoccur, the time to causecompleteseparation(i.e., to
go entirely from

Î W �°� to
Î W �D� ) is infinite also. This

asymptoticseparationcan be interpretedto occur because
with _i�,`J��� theinterfacecurvature c GÚd cL� is finite even
when ���b� , while theresistanceto Darcy flow throughthe
matrixbecomesinfinite (i.e.,permeability

§ W � ¨ vanishes)as�3�ï� . Thus,asporescollapse,thesurfacetensiondriving
force remainsfinite, while resistanceto drainingfluid from
theporesbecomesinfinite, implying thattheporescannotbe
entirelycollapsed.

3. When _ and ` areneither0 nor 1, the interfacecur-
vaturegoesto infinity as �S�Ù� . Thuseven as the resis-
tanceto Darcy flow becomesinfinite as � approaches0, the
driving forcebehinddrainingthepores,i.e., thesurfaceten-
sion,alsobecomesinfinite. In effect, thesurfacetensioncan



BERCOVICI ET AL.: TWO-PHASECOMPACTION AND DAMAGE,3, SHEAR 8

completelypinchtheporesclosed,andthustheporescanbe
drained,andcompleteseparationattained,in afinite amount
of time. For example,oneimplicit analyticsolutionto (54)
canbeobtainedfor _��t`�� ^y , i.e.,
 � 
0W ��ù � � � ¬ Ë  2û�üÑêÞíZýþì � R Î W ���v � � R � ¬ Ë � R Î W ���v ¸ Î W�� ��� Î W  ¯j (56)

In all calculationsshown in this paperwe assumeË �Ö� ,
in which casethe time to go from

Î W �x� to
Î W �ï� is
$ÿ�� � � T ��Ä .

Somesamplecurvesof

 ÿ�� � (time for completesepara-

tion) versus_ (with `´�"_ ) and
Î W

versus



areshown in
Figure2 for numericalsolutionsof (54). For _ and ` closeto
1 separationstartsgradually, accelerates,andthentapersoff
againtowardcompletion.As _ and ` approach�Bj ¬ , this sep-
arationstyleis reversed;that is, separationis very rapidini-
tially, taperingto a slower ratelater, andacceleratingagain
towardcompletion.This illustratesthe influenceof thesur-
facetension“pinching” effect when the magnitudeof the
interfacecurvaturereachesinfinity as � approaches0 or 1.
As _ and ` approach� , the surfacetensionforce weakens
andseparationbecomesslower.

4.3.2. Numerical experiments. We next examineso-
lutionsof (30)and(42)usingbasicsecondorderfinite differ-
ences,with a tridiagonalmatrixsolutionfor thefinite differ-
enceversionof (42), andan explicit time integration(with
a time stepconstrainedto be a×���)\ y of the Couranttime
step) for (30). Solutionsare testedon variousfinite dif-
ferencegrids which have between101 and501 points; we
find that201grid pointsaresufficient to satisfyconvergence
tests.

Themediumis of finite width ( �5�v���pa��ªa � �v��� ), and
theboundaryconditionsare,again,that Æ���� at �p�����v��� .
We assumethat � obeys (30) at theboundariesaswell asin
theinterior (since� hasnoboundaryconstraintsof its own).
For all caseswe keep É�¥ � (actually, ���2\ y � ); numerical
solutionsto theself-separationproblemwith finite É aredis-
cussedby RBS2. Finally, aswith all othercalculationsin
this paperwe prescribeË �³� . We investigateonly a select
numberof solutionsto illustratethebasiceffectof varying _
(for all caseswekeep̀¡��_ ). All solutionsareinitiatedwith
a singlelong-wavelengthperturbation� � t=0  k�f�Bj � � � �Bj �@�)�}êÞë@í � Ä1� d �����e ñj (57)

Numericalsolutionsshow thefluid concentratingtoward
the centerline���×� (Figure3), althoughthis tendency is
dictatedby the simple initial condition(57). The effect of
decreasing_ from 1 is to causeamorerapiddrainingof fluid
away from the wall regions(becauseof the surfacetension
pinchingeffect),andthusasharperslopealongtheflanksof
theporosityanomalyalongwith aflattermaximum(Figures
3aand3b). However, thetime for � ÿ�� � �f[nû�� � �* to reach
valuesof order1 (Figure3c) is shortestfor someintermedi-
atevalueof _ between0 and1, aspredictedby theamplitude
analysis(seeFigure2). The function � ÿ�� � �Ì
  alsochanges

max
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Figure2. (a)Timefor totalseparationof phases

$ÿ�� � versus_ ; and(b) peakporosity

Î W
versustime



for selectvalues

of _ for theamplitudeanalysisof thesurfacetensiondriven
self-separation.For all cases,̀��S_ and Ë ��� , andwe use
aninitial condition

Î W �����)\�� .
curvaturewith decreasing_ (i.e., as _ decreasesthesurface
tensionpinchingeffectcausesmorerapidseparationwhen �
is near� and � ) aspredictedby theamplitudeanalysis(com-
pareFigure3c with Figure2b, noting that thetimesarenot
thesamebecauseof differentinitial conditions).

5. Damageand ShearLocalization

We next considershearlocalizationandthe influenceof
damage,or viscousdeformationalwork on theinterface,by
allowing for

� z Ê �{� . In this case,the relevant equations
are(30)-(33)subjectto theboundaryconditions(40).

5.1. SpecificEquations

As notedby BRS1,thepartitioningfraction
�

is unlikely
to beconstant.We candeduceoneof themostbasicdepen-
dencesof

�
on thestateof thesystemby consideringthein-

terfacework equation(33),andthecaseof
	 � d=	*
 ��� which

canoccurin threeinstances:when �ª�b� , when �ª��� , and
at the boundarybetweenregionswherethe matrix is dilat-
ing andcollapsing.When �;��� or 1, thereis no interface
andthus(33) is irrelevant. When

	 � d=	*
 ��� in thebound-
ary betweendilation andcollapse,� is neither0 nor 1 and
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areindicated. In all

cases,̀���_ , É.��� , and Ë ��� .
thus (33) applies. Moreover, in this case,c GQÊÌd cL� is finite
andwe canthussafelyassumethat /�È is finite aswell. In
thisboundaryregiontheleft-handsideof (33) is therefore0,
whichdictatesthat

� z Ê �f� aswell. However, since z Ê �!�
whenshearis imposed(regardlessof � ), the conditionthat� z Ê ��� canonly besatisfiedif

� ��� when
	 � d=	*
 �f� .

Theexactdependenceof
�

on
	 � d=	*
 cannotbe inferred

from theoryalone.However, we canuseknown constraints
on
�

to estimatea simpleform of this dependence;in par-
ticular, (1)

�
is positivedefiniteandboundbetween� and � ;

(2)
�

is invariantto a switchof � and ���»� (seeBRS1for
discussionof symmetryrequirements);and(3) asindicated
above,

� �,� when
	 � d�	�
 �,� . Thus,if

�
is to benonzero

at all, it must increasefrom its value of � at
	 � d�	*
 ���

as ó 	 � d�	*
 ó increases. However, we cannotarbitrarily as-
sumeanunusualfunctionalform for

�
, for example,a form

where
�

equalszeroor reachesanextremumat somevalue
of
	 � d=	*
 other than

	 � d�	*
 � � . Thus, given the above
constraints,we assumethat

�
increasesmonotonicallywith�F	 � d=	*
  y (or someotherevenpowerof

	 � d=	*
 whichareall
positive definiteandinvariantto a switch of � and �5��� ),
while beingboundbetween0 and1. We thereforeestimate
a simplemonotonicrelationof theform

� � �&Ò	��
�
 O�� yÓ � ��
��
 O � y ( (58)

where
�&Ò a�� andis themaximumpossiblevalueof

�
andÓ is a constantthatgovernsthevalueof

�F	 � d=	*
  y at which�
approaches

� Ò
. Clearly, thereareotherfunctionsthatcan

satisfytheminimumrequirementson
�

. However, they must
all have similar form, while the rational function given by
(58) is analyticallysimplest.Moreover,

�
certainlymayde-

pendonotherparameters(e.g.,temperature).However, such
dependenciescannotbededucedfrom theabove considera-
tions and most likely needto be inferred empirically. In-
terestingly, however, forced-shearexperimentson layersof
granularmediahave demonstratedthat the frictional resis-
tance(relatedto deformationalwork absorbedby the sys-
tem)doesindeedincreasewith totaldilation rateratherthan
dilation itself, wherethe total dilation rate is relatedto the
across-layerintegralof

	 � d�	�
 [Géminard et al., 1999].

With the adoptionof (58), we can rewrite (33) in the
tractableform

/�Èt�,� c GQÊcL� � Ë� � �#���* 	 �	*
 � �&Ò�
�
 OÓ � ��
��
 O � y z
Ê j (59)

Note that in limit of static equilibrium
	 � d�	*
 � � , (59)

recovers the equilibrium surfacetensioncondition /�È ��#c GQÊåd ce� (seeBRS1andRBS2).For a constant
E

theargu-
mentsleadingto (58) and(59) canbe generalizedto three
dimensions,in which caseonewould substitutel � d l 
 for	 � d�	�
 in theseequations.In the end,our governingequa-
tions for one-dimensionaldamageandshearare (30)–(32)
and(59).

5.2. Linear Stability Analysis

Again we examine the stability of a finite layer (with�5�����´aS�6a � ���@� ) of constantporosityundergoingshear
andassumethat �.�t��� ��á � ^ , Æ�� á Æ ^ , and

Ç � Ç � �ªá Ç ^ ,
where á ¥ � . The only equationthat hasan � � á �  con-
tribution is the � componentof the matrix force balance
(31), which, with the boundarycondition that

Ç �D�5� at���é�����@� leadsto
Ç W ���¡� , where �³��� d ���@� , andwe

requirethat theperturbation
Ç ^ ��� at theboundaries.The

equationsthatare � � á ^� arethelinearizedmassconservation
equation(44), which is unchangedfrom theself-separation



BERCOVICI ET AL.: TWO-PHASECOMPACTION AND DAMAGE,3, SHEAR 10

stabilityproblem,andtwo linearizedforcebalanceequations�7� � �#�6���- 	 y Ç ^	 � y ��� 	 � ^	 � (60)

�5��� Í � 	 � ^	 � � Ô � y� � ���6���= 	 y � ^	*
K	 �� ��� � Ë � ���- � �����B�= y 	 y Æ ^	 � y ��É � ���6���= $Æ ^ ( (61)

where(61) resultsaftersubstitutionof (59) into (32),
Í �£�Í � ���= , and Ô � T¬ �&ÒÓ � �����B�= y � y j (62)

Equation(60) only governshow
Ç ^ is influencedby � ^ but

doesnot affect growth of porosity and thereforedoesnot
warranta solution. We againassumethat � ^ and Æ ^ ðâ-ãPä ¢ º}æ O , which leadsto thedispersionrelationç � Í � § y� Ë � ��� � ��� Ô  H�Ì��� � �������- § y � É j (63)

Thusshearanddamageclearlyacceleratethegrowth rateof
the instability;for example,for casesin which É�¥·� , the
growth rategoesas � Ë � � � � �7� Ô  $� \&^ , which approaches
infinity as Ô � � � Ë d � � .

If Ô exceeds� � Ë d ��� , it is possiblethat thegrowth rate
canbecomesingularat§ � ¸ É d � � Ë � ��� � Ô �!�Þ�Ü Z�B� � �������- $� (64)

and negative for larger wave numbers,in which case,the
function ç � §  actsasa low-passfilter, that is, only modes
with sufficiently small

§
(largewavelength)grow, while oth-

ersdecay. Interpretationof thiseffectwill bedeferredto dis-
cussionof thenonlinearnumericalsolutions(section5.3.2).

5.3. Nonlinear Solutions

5.3.1. Amplitude analysis. As with theself-separation
problem(section4.3.1), we derive equationsfor the non-
linearevolution of a self-similarlyshapedporosityanomaly
in an infinite medium. For consistency, we usethe same
shapesfor � and Æ employedin theself-separationproblem
(i.e., (47) and (50), respectively), in which casethe mass
conservationequation(30) againleadsto (51). As with the
self-separationamplitudeanalysis(section4.3.1), the do-
main is infinite ( �'� a��»a�� ), andthusthe relevant di-
mensionallengthscaleis definedsuchthat thehalf width

Á
of the porosityanomalywith amplitude

Î W
at any time



isÁ2�Ì
  �,� d Î W=�Ì
  .

Althoughthelayerhasinfinite width,wecanonly impose
finite shearby insistingthat

Ç �b�5� at somefinite valueof�b� ��� Ê . For consistency with the linear and numerical
analyseswe assign � Ê �ï���@� . With theseboundarycon-
ditions theequationgoverningvelocity alongthe layer (31)
hasananalyticalsolution:Ç �b� ��� ��� Î � � û�üÑêñîÑû�ì � � Î � d � ��� Î �  � Ê � ��� Î � � û�üÑêñîÑû�ì � � Ê Î � d � ��� Î �v j (65)

We eliminate /�È between(59)and(32)andthensubstitute
(47),(50),and(65) into theresultingequationand(aftertak-
ing
	&d=	 � of this equation)evaluateit at �p��� to obtain�7� Í � Î �= ���� R Î � � Ë � Î �- � ��� Î �= y Ï �� T �&Ò Î y� � ��� Î �v ò Ï �� Ó � Î y� � �J� Î �- y Ï y�  y��� T¬�� Ó � Î y� � ��� Î �  y Ï y��� o � � q y��� Î y� � Ó � Î y� � ��� Î �- y Ï y� � Ï y��� ( (66)

where� ��� Ê � �B� Î �v � ¸ ��� Î �}û�üÑêñîÑû�ì � � Ê Î � d ¸ ��� Î �v ñj (67)

In deriving (66) we have assumedthat sincethe shapesof� and Æ areapproximate,thenfactorsof the form ø! � �ö" �Ì
  (where ø and ö areintegerconstants, Q� is some
constant,generallyeither1 or Ó , and  �F
  is somedependent
variable,generallyeither

Î � or c Î � d c 
 ) arenotsignificantly
differentfrom ø �  �� �� �Ì
  H� or ^y � ø � öS �  Q���� �Ì
  H� (de-
pendingon which yields simplerfactors)aslong as ø andö areapproximatelyequal(i.e.,differ by nomorethan33%
from eachother); for example,seesection4.3.1in the dis-
cussionleadingfrom (52) to (53). Equation(66) is afifth or-
derpolynomialin

Ï � whichcanbesolvedto yield thefunc-
tion

Ï � � Î �  (in fact, of the five possibleroots,we choose
thesmallest,purelyreal,positiveonesuchthat(53) is recov-
eredin the limit

�&Ò �Å� ). This function is thensubstituted
into (51) to determinethenonlinearevolutionandgrowth ofÎ � .

In fact, the exact evolution of
Î � with time differs lit-

tle in appearancefrom that of the self-separationproblem
discussedin section4.3.1 (seeFigure 2). However, the
timescalefor separationandshearlocalizationareaffected
significantly by shearingand damage. This timescaleis
againrepresentedby the total time


 ÿ�� � for
Î � to go from

0 to 1, andwe considerherehow

 ÿ�� � is influencedby the

parameterswhich representshearinganddamage(seeTable
1), i.e., � ,

�&Ò
, and Ó (Figure4).

When �é��� , all casesregardlessof
� Ò

have

$ÿ�� � very

closeto the pureself-separation

 ÿ�� � (with

�&Ò ��� ) which
implies thatdamagehaslittle effect without imposedshear.
We refer to this self-separation


 ÿ�� � as


æKæ which is only a

functionof _ and ` (seeFigure2a).

As �b��� theleadingtermin (66)yieldsT¬ � Ó � Î y� � ��� Î �- y Ï y� � o � � q y ���B( (68)

which leadsto theasymptoticsolutionc Î �c 
 � Î � � ��� Î �  Ï � � � Ó (69)

independentof
�&Ò

; this yieldsanasymptotic

$ÿ�� � �{� d � Ó

(seeFigure4). Thusas � increasesfrom 0, the separation
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Figure 4. Time for completeseparationof phases

 ÿ�� � ver-

susshearingvelocity � for (a) several different
�&Ò

(as in-
dicated)with _��±`��±�)j � , and Ó �«� and (b) several
different Ó (indicated)with _���`3� �&Ò ���)j # . (c) To-
tal separation


$ÿ�� � versusshearingvelocity � collapseto
singlecurvesthat dependonly on _ (and ` ) whenwe plot
 Ò � � � Ó 
$ÿ�� � �h�v d)� � Ó 
 æ0æ ���- versusÔ (using(62) with���b�±� ), where



æKæ is the


$ÿ�� � for self-separationwhen�&Ò �é� (seeFigure2). Also

 Ò � � and Ô � � areplotted

in order to emphasizedetailson log-log axes. Curves for
27 casesareshown in Figure 4c: for each _ (and `��×_ )
indicated,thereareninecurvescorrespondingto all permu-
tationsof Ó �x�Bj R � (���( ¬ with

�&Ò �x�Bjþ�@(Z�)j � (à�)j # . For all
calculations,Ë �S� , andtheinitial conditionis

Î W �,���)\�� .
time


$ÿ�� � goesfrom


æKæ to � d � Ó ; given that the minimum


æKæ is approximately��� y for Ë �¶� (seeFigure2a), thenas
long as Ó �����)\ ò , anincreasein damageandshear(i.e., an

increasein � for
�&Ò ��� ) will causeareductionin


 ÿ�� � , i.e.,
anaccelerationin theseparationof phases.

The value of � at which

$ÿ�� � reachesthe asymptotic

valueof � d � Ó dependson
�&Ò

as well as Ó itself. An in-
creasein

�&Ò
causesthe


$ÿ�� � to reachits asymptoticvalue
at smaller � , that is, increasing

�&Ò
enhancesthe influence

of damage,thusallowing shearto be moreeffective at ac-
celeratingphaseseparation(Figure 4). While an increase
in Ó decreasestheasymptoticvalueof


 ÿ�� � (i.e., allows for
greaterpossibleaccelerationof phaseseparation),it alsoin-
creasesthe valueof � at which this


 ÿ�� � is attained(i.e.,
decreasestheeffectivenessof damageandshear).

The influenceof damageon the rateof phaseseparation
canbemostsuccinctlysummarizedby notingthat


$ÿ�� � ver-
sus� curvesfor different

�&Ò
, and Ó (but with thesame_ and` ) canbe very nearlycollapsedon to the samecurve if we

assumethat
 ÿ�� � � �� Ó �¶o 
 æKæ
� _*(à`¯ �� �� Ó q%$n� Ô (Z_*(Ñ`¯ (70)

(Figure4c). However, sincetheamplitudeanalysisassumes
a singleself-similarshapefor � that narrows with time, it
cannotaccountfor thelow-passfilter effectof Ô ��� � Ë d ���
predictedin thelinearstability analysis.Overall, theampli-
tudeanalysispredictsa considerableaccelerationof phase
separationby theadditionof shearanddamage.

5.3.2. Numerical experiments. Wefinally explorenu-
mericalsolutionsof (30)–(32)and(59), using,aswith the
self-separationproblem,a finite differencescheme.As with
the linear stability problemandpreviousnumericalexperi-
ments,ourdimensionlessdomainis �5������a»�.a � �v��� . We
employ thesameinitial andboundaryconditionsasstatedin
section4.3.2,with theadditionalconditionthat

Ç ���5� at�p�����v��� .
For simplicity, we do not fully explore all parameter

space(which is, in fact,seven-dimensional,i.e., definedby_ , ` , � , Ó ,
�&Ò

, Ë , and É , not includinginitial conditions)and
thuskeepcertainparametersfixed.As with all previouscal-
culations,we set É�¥«� , Ë �³� , and `5��_ . In theend,the
parameterspacewe exploreis four-dimensional,over _ , � Ò ,� , and Ó ; however, it is oftenmoreconvenientto refer to Ô
insteadof � (using ���'���Bj � � in (62); alsoseeTable1).

Thenumericalsolutionsrevealthreebasicregimeswhich
essentiallydependonly on Ô , asdisplayedin Figure5. These
regimesareasfollows:

1. For “low” valuesof Ô ( Ô a R ) the porosityfield col-
lapsesessentiallyin the samemanneras the surface ten-
siondrivenself-separationproblem(seeFigure3). Only the
growth rateof � ÿ�� � , thepeakporosityvalue,appearsto be
affectedby changesin � (or Ô ), � Ò , and Ó , aspredictedby
thestabilityandamplitudeanalyses(Figure6). Thus,in this
regime,changesin theshearanddamageparameters� ,

�&Ò
,

and Ó thatcauseanincreasein Ô induceonly anacceleration
of the self-separationeffect. We refer to this regimeasthe
“acceleratedseparation”regimeof solutions.As Ô exceeds� andapproachesR , the porosityprofile graduallydisplays
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Figure 5. Regimediagramof thedifferenttypesof numer-
ical solutionsof the1-D flow problemwith shearanddam-
age. Threedifferenttypesof solutionsexist dependinges-
sentiallyonly on the value Ô . The regimesof solutionsinÔ - �&Ò parameterspaceseparatedby solid lines are shown.
Symbolsshow the locationin parameterspaceat which so-
lutionswerefound.Circlesindicatesimpleacceleratedself-
separation,solid triangles indicate solutionsexperiencing
the tear localization,and crossesindicatesolutionsunder-
going inhibition of phaseseparationor distributeddamage.
The diagramdisplays243 solutionsthat have variousper-
mutationsof _����Bjþ�@(Z�)j � (à�)j # and Ó ���)j R � (Þ�@( R � over the
ranges�a �&Ò a��)j # and �.at��a R �@��� . Seesection5.3.2
for furtherdiscussion.

increasedsharpening,leadingto theregimediscussednext.

2. For intermediatevaluesof Ô (i.e., R ² Ô ²�� � Ë d � � �R � given Ë �S� and � � �t�Bj � � ) theporosityfield undergoes
a severe morphologicalchangeafter somefinite time. In
particular, profiles of � becomeconcave above andbelow
the centerlineof �b��� , developingcuspsor sharppeaks
(Figure7); soonafter this sharpenedpeakformsthegrowth
of � ÿ�� � acceleratesdramatically(Figure 6). At a certain
point the peakbecomesso sharpand the growth ratesso
steepthat furthernumericalsolutionsareuntenable;that is,
the solutionbecomesnumericallyunstableas it appearsto
approacha singularity. We refer to this effect as a “tear
localization,” which is predictedby neither the linear sta-
bility nor amplitudeanalyses.As Ô exceeds5, the narrow
tear localizationinitiates soonerin the calculation,and asÔ �ï� � Ë d � � � R � , thelocalizationoccursalmostimmedi-
atelyafterthecalculationcommencesandbarelyprogresses
beforeapproachinga singularityandthusendingthecalcu-
lation.

3. When Ô ��� � Ë d ��� (again, � � Ë d ����� R � in these
cases),the separationandconcentrationof fluid into a nar-
row zoneareprecluded;the initial porosityanomalyunder-
goessomeslight initial collapseto a square-shapedprofile
(Figure8) and thenceasesany further evolution. This ef-
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Figure 6. (a andb) Maximum porosity � ÿ�� � versustime

for differentvaluesof � aslabeledfor two differentsets

of parametersindicatedin the lower right cornersof each
frame.Exceptionalgrowth ratesassociatedwith thetearlo-
calizationoccurat �³� � �@� in Figure6aand ���¶�v����� in
Figure6b.

fect correlateswith theexclusionof smallwavelength(high
wave number)instabilities (i.e., the low-passfilter effect)
predictedby the linear stability analysis(section5.2); that
is, for Ô � � � Ë d ��� the porosity anomalycannotcol-
lapseto lessthana certainwidth (or wavelength).For cases
of É��"� this minimum width is extremely large, thusef-
fectively precludingsignificantcollapse. We interpret the
regime Ô ��� � Ë d ��� as a statewhereinshearanddam-
ageoverwhelmsurface tensiondriven self-separationand
causevoid generationandgrowth throughoutthelayer, over
largewavelengthsandthusnearlyuniformly. In otherwords,
when Ô �ï� � Ë d � � , damageis so effective that instead
of causingshearlocalizationit effectively inducesmicroc-
rackingthroughoutthe layer. We refer to this regimeasthe
“distributeddamage”regime(Figure5).

6. Discussionand Conclusion

6.1. Summary

A two-phasemodel that accountsfor both surfaceten-
sion and viscousdeformationalwork on the interfacebe-
tweenphaseshasbeenusedto examinedamageandshear
localization. Even without shearanddamage,the two vis-
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Figure 7. Porosityfields at different times (as indicated)
to illustrate the onsetof the tear localizationfor different
parametervalues(indicatedin thelower right cornerof each
frame).Thesesolutionscanbecomparedto thoseof Figures
3a and3b which usethe samevaluesof _ and ` asshown
here,but without shearand damage. Growth of the peak
porosityfor thecasesaboveareshown in Figure6.

cousphaseswouldnaturallyseparatedueto gradientsin sur-
facetension. However, shearanddamagecanaffect phase
separationin a varietyof ways;themainparametercontrol-
ling this behavior is Ô , asdefinedin (62) (seealsoTable1),
which combinesinformationaboutimposedshearvelocity
(or shearstrainrate)with the damagepartitioning(i.e., the
fractionof deformationalwork storedontheinterfaceassur-
faceenergy). The threebasicbehaviors or regimesarising
from shearanddamageareasfollows:

1. For relatively small valuesof the parameterÔ ( �f²Ô ² R for the casesshown in this study) the combination
of shearanddamageessentiallyonly acceleratesthenatural
self-separation.

2. With larger Ô ( R ² Ô ² R � for the parametersused
here)shearanddamagehave a dramaticeffect, in particu-
lar inducing a tear localizationin which the porositycon-
centrationbecomesnearlysingularin spaceandgrowsvery
rapidly.

3. Excessive amountsof shearanddamage( Ô � R � for
thisstudy)caninhibit theseparationof phases,inducinguni-
form void or microcrackgenerationin lieu of focusedand
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Figure 8. Porosityfieldsat differenttimes(asindicated)to
illustratethedistributeddamageregimewhen Ô �b� � Ë d � �
which for the given parameterset means Ô � R � . With
theparametersof theabovecalculation(indicatedin thetop
right corner) Ô � R�& j ¬ . The porosityfield undergoesonly
slight collapsefrom a nearly constantvalue of �����Bj � �
to an anomalywith peakporosity �b�"�Bj � & � , after which
the field ceasesevolution andthe calculationgoesnumeri-
cally unstable.Evenduringthis slight collapsetheporosity
field assumesa broadenedsquareshape,indicatingthe ex-
clusionof small-wavelengthfeatures(i.e.,nonarrow or even
roundedpeaksasin Figures3 and7).

weakshearzones.

Thetheoryandcalculationspresentedherearestill fairly
idealized. Nevertheless,the threeregimeslisted above are
suggestive of somebasicbehavior of failure and cracking
(with thecaveatthatthatthetheoryis basedonviscousflow
while brittle and brittle-ductile failure involvesdamagein
elasticandplasticmaterials). For low stressanddeforma-
tion rates,brittle andbrittle-ductilematerialsareknown to
experiencedistributedmicrocrackingwhich,especiallywith
increasedstressanddeformation,leadsto focusingof mi-
crocracksalongnarrow shearplanes[Lockner, 1995;Evans
andKohlstedt, 1995;Mathur et al., 1996;Regenauer-Lieb,
1998]. This behavior is suggestedby the first two regimes
presentedhere. The third regimeof distributedvoid gener-
ation andinhibition of localizationat high shearratessug-
geststhatat a critical deformationrate,the damagearound
the shearlocalizationcan no longer accommodatethe en-
ergy input by the imposeddeformationalwork, thus lead-
ing to depositionof energy in the form of damagethrough-
out the volume of the material. In termsof damageper-
meating the medium insteadof becominglocalized, this
behavior is suggestive (againkeepingin mind all the the-
ory’s inherentsimplifications)of crackbranchinginstabili-
ties whereinat a critical crackspeedsmoothlypropagating
cracksgiveway to branchingandextensivedistributeddam-
agingof thesurroundingmaterialandretardationof theorig-
inal crack’s propagation[Boudetet al., 1995;Sharon et al.,
1995; Marder and Fineberg, 1996; Fineberg and Marder,
1999;Adda-Bediaet al., 1999;SanderandGhaisas, 1999].
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6.2. Applications to PlateBoundary Formation

Givenits underlyingviscous-flow formalism,thepresent
theory is clearly moreapplicableto long-timescalegeody-
namicalprocessesthanto fractureandearthquake mechan-
ics. Indeed,oneof our primarymotivationsfor this studyis
understandingthegenerationof tectonicplatesfrom a con-
vecting mantle, in particular, the focusing of lithospheric
weakzonesintoplateboundaries[seeBercovici etal., 2000].
Thus,althoughthetheoryandmodelcalculationspresented
areratheridealized,we will venturesomespeculationand
evaluatethe variousmodelparametersasapplicableto the
Earth’s lithosphere.In this case,we assumethat thematrix
is lithosphericsilicate( M&%��×��� y(' Pa s [Beaumont, 1976;
Wattsetal., 1982]),while thefluid is water( M}�7�S���2\�� Pas
[Furbish, 1997). The Darcy resistanceparameterÉ in this
situationis negligibly small; that is, given that C �{M � d § W
(where

§ W
is a referencepermeability),we canchoosethe

smallestpossible
§ W �×�v�2\&^ � my [Spiegelman, 1993a]and

a maximumfluid zonewidth µ of 1-10 km (typical of tec-
tonicmarginwidth) to obtainthelargestlikely É of ðS�v� \1^ � .
Thereforetheassumptionthat É is negligible in many of the
casesshown in thispaperis valid for thecaseof lithospheric
deformation.Thevaluesof both thedimensionlessvelocity� and time



dependon the quantity

E1G � . One can esti-
mate

E
accordingto thevaluesof surfacetensionin silicates

[e.g., Spry, 1983; Lasaga, 1998; seeBRS1and RBS2] or
from true fracturesurfaceenergy [Atkinsonand Meredith,
1987],whichindicatevaluesof

E
between0.1and10Jm \ y ;

however, it is generallyrecognizedthat the effective sur-
faceenergy of fracturesis much higher, i.e., between100
and1000J m \ y [Jaeger and Cook, 1979; Atkinson, 1987;
Atkinsonand Meredith, 1987]. The scalefor

G � is deter-
minedby grainsize c andis typically of orderof cB\1^ (see
BRS1andRBS2).With grainsbetween1 and10 M m [Spry,
1983]we assumethatrepresentativevaluesof

E1G � for frac-
ture andmicrocrackingrangebetween���*) and ���,+ J m \�� ,
which are indeedof the sameorder as peak lithospheric
strengths[Kohlstedtet al., 1995]. Using tectonicvelocities��ê¯[.-LüÞ\&^]a{�B�;aé�v��êÞ[/-LüÞ\&^ , andthe valuesof µ andM&% alreadylisted,we thusarriveat ��� y a���a��v�,0 .

In order to generateplateboundariesby shearlocaliza-
tion our model lithospheremusthave, accordingto our 1-
D analysis, Ô ²ï� � Ë d �B� (where Ë is � � �v ), and if the
narrow tearlocalizationis to play a role in boundaryforma-
tion, then Ô �x� � �v . Theseconditionscan be met for a
wide rangeof valuesof the maximumpartitioning

�&Ò
, im-

posedshearvelocity � , andotherparameterscontainedinÔ ; that is, localizationcanoccurat theupperendof theve-
locity range( ���D��� 0 ) with little partitioning(a few frac-
tionsof apercent)andat thelowerendof thevelocity range
( �S���v� y ) with partitioningof theorderof severaltensof a
percent.Wheretherangeof platetectonicvelocities(which
varyoveronly 1 orderof magnitude)actuallyresideswithin
thefull rangeof ��� y a���at�v�,0 is unclear, but it is apparent
thatlocalizationcanoccurwith plausiblefractionsof energy
partitioning. (For comparison,laboratoryexperimentswith

metalsshow thatpartitioningof deformationalwork toward
damageis typically 15-20%and maybeas much as 60%
[ChrysochoosandMartin, 1989;Chrysochooset al., 1989,
1996].)

Finally, theminimumtimescale,using ¬ M&% d2� T E1G �v , for
lithosphericprocesseswould be of the order of 100 Myr,
which is also representative of the localizationtime in the
model (i.e., the dimensionlesstime intervals for the shear
localizationcalculationsare of order 1-10; seeFigure 6).
Althoughthis is a plausibletimescalefor slow tectonicpro-
cesses(e.g.,it is typicalof aconvectivetimescale),it is prob-
ably too largefor plateboundaryformationandcertainlyis
too large to accommodaterapid boundaryreorganizations.
However, giventhesimplicity of boththetheoryandmodel
calculations,obtainingtimescales,velocities,andpartition-
ing valuesthataretectonicallyandmechanicallyplausibleis
a positive step. Nevertheless,thereis no doubtthat further
sophisticationandrealismmustbeincorporatedinto thethe-
ory beforeevenmoderatelyprecisepredictionscanbeven-
tured.

6.3. Futur eDir ections

Thetwo-phasemodelpresentedhereoffersafundamental
approachto treatingdamage;even with its simplifications,
it predictsshearfocusing,a narrow, nearlysingulartearor
crack-like localization,andevendistributeddamageandde-
focusingof microcrackssuggestive of crack-branchingin-
stabilities. Nevertheless,the modelhasconsiderableroom
for improvementandsophistication,e.g.,inclusionof aniso-
tropy to accountfor organizedinterconnectednessof poresat
low porosity;viscoelasticityto accountfor elasticstorageof
deformationalenergy; thermomechanicaleffects(e.g.,ther-
mal expansionof the fluid phasewhich affects pore pres-
sure,thermoviscousbehavior of matrix material,and tem-
peraturesensitivity of surfacetension);phasechangesand
melting; phasereactionssuchas hydrationand annealing,
to namea few. Moreover, this studyhasbeenconfinedto
one-dimensionalcalculations. Thus, even asidefrom fur-
thersophistication,future studieswill usethe theoryto ex-
amine damageand localization in more complex geome-
tries, suchas in uniaxial compression,folding, slopefail-
ure,sourcesink drivenmodels,buoyancy, andconvectively
driven flows. Invariably, the applicationsof the two-phase
damagetheoryto numerousfields,suchasgranulardynam-
ics,earthquakedynamics,structuralgeology, andgeneration
of platetectonicsfrom mantleflow, arepotentiallyendless.
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