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We present a multitaper algorithm to estimate the polarization of particle motion as a function of
frequency from three-component seismic data. This algorithm is based on a singular value decom-
position of a matrix of eigenspectra at a given frequency. The right complex eigenvector 7
corresonding to the largest singular value of the matrix has the same direction as the dominant
polarization of seismic motion at that frequency. The elements of the polarization vector 7 specify
the relative amplitudes and phases of motion measured along the recorded components within a
chosen frequency band. The width of this frequency band is determined by the time-bandwidth
product of the prolate spheroidal tapers used in the analysis. We manipulate the components of 2
to determine the apparent azimuth and angle of incidence of seismic motion as a function of fre-
quency. The orthogonality of the eigentapers allows one to calculate easily uncertainties in the
estimated azimuth and angle of incidence. We apply this algorithm to data from the Anza Seismic
Telemetered Array in the frequency band 0< £ < 30 Hz. The polarization is not always a smooth
function of frequency and can exhibit sharp jumps, suggesting the existence of scattered modes

within the crustal waveguide and/or receiver site resonances.

1. INTRODUCTION

The polarization of particle motion as measured by a
three-component seismometer has been studied by a
number of straightforward methods, most simply by trac-
ing the projection of the motion as a function of time onto
a chosen plane of reference. Although useful to illusirate
the particle motion of simple arrivals, this practice is quali-
tative and less useful with complicated signals.

The problem of extracting a particular type of wave
(e.g., P, SH, Rayleigh) from a noisy background has been
studied by correlation techniques and special filters [e.g.,
Kanasewich, 1981, Archambeau and Flinn, 1965; Vidale,
1986]. Most of these techniques are designed for time
domain analysis and implicitly assume that the waveform
has essentially the same polarization over all or most fre-
‘quencies. Samson [1977, 1983a,b,c] describes a method of
estimating the polarization as a function of frequency.
This is important for the analysis of seismic records. The
seismic waveforms of local and regional distance events
are often superpositions of direct, refracted, reflected, and
scattered waves, with no guarantee that the polarization or
phase are constant in frequency. In the presence of strong
scattering, one might not expect a respectable “pure state"
polarization at any frequency. Alternatively, coherent
addition of scattered waves within the crustal waveguide
will produce traveling modes whose signature in extended
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body wave codas may be a well-defined polarization and
phase that varies with frequency. The distinct spectral
peaks seen by Park et al [this issue] in seismic spectra
observed on the Anza Seismic Telemetered Array [Berger
et al., 1984] suggest that waveguide modes may be evident
in the complex waveforms of events at epicentral distances
of 100-250 km. Inhomogeneities in the crustal
waveguide can lead to scattering and coupling of these
propagating modes (see, e.g., Kennett [1986] and Odom
[1986] for a description of these effects) which will, in
general, cause frequency dependent scattering. In such
cases, it is more useful to determine the type of seismic
motion from its polarization signature, as in the study of
Vidale [1986], than to attempt to isolate phases.

In this paper we develop and demonstrate another algo-
rithm for determining the frequency dependence of the
polarization of high-frequency seismic records. We have
used multitaper spectral analysis [Thomson, 1982] to esti-
mate the spectral density matrix S (f) of Samson [1983al.
This has several advantages. By employing prolate
spheroidal wave functions as tapers (instead of cosine or
boxcar tapers) to obtain direct spectral estimates, the ele-
ments of the estimated spectral density matrix will be less
biased [Lindberg, 1986; Park et al., 1987]. It is also not
necessary to apply a moving average to the density matrix
estimate to smooth it; smoothing is obtained by summing
the eigenspectra of each component of motion (see equa-
tion (3)). Using multitapers to estimate the spectral den-
sity matrix is more suitable for very short records, such as
those which include a single seismic phase, This is
because data are not discarded by applying a single bell-
shaped taper to the record. (A similar method has been
independently developed and applied to magnetometer
data by Lanzerotti et al. [1986].)

We analyze a number of three-component records of
seismic codas. In these observations the source pulse has
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been dispersed and scattered within the crust. In an ideal-
ized picture the shape of the source spectrum is retained
in the shape of the coda spectrum, but the spectral phase
is randomized by scattering effects. Despite this random-
ized phase, one might expect the particle motion to retain
the polarization behavior of the type of wave motion dom-
inant within a selected frequency band. Polarization
analysis in the frequency domain offers an opportunity to
characterize the signal better. With three-component data
we have potentially three independent polarizations. If
scattering is not great, a single polarization will predom-
inate. This assumption is often true for the P wave coda.
If, for instance, interaction with crustal structure decou-
ples SH and SV motion, there may be two principal polar-
izations in the § wave coda. The algorithm we describe in
this paper offers a quantitative criterion for identifying the
single dominant polarization.

In section 2, our multitaper polarization analysis
method is described. We apply the algorithm to a syn-
thetic pulse example in section 3. In section 4 we show
examples from the P wave codas of data observed on the
Anza Seismic Telemetered Network. Section § summar-
izes our findings. Uncertainty estimates for polarization
angles and phases are derived in the appendix.

2. POLARIZATION ANALYSIS WITH
THE MULTITAPER ALGORITHM
Polarization analysis involves determining the eigen-
structure of the spectral density matrix S{f). Suppose
one has three-component data recorded in the time
domain of the form

x(1) = (e}, x2(r),x3 (1))

where 7 is the sampling interval, Nt is the length of the
time series, the coordinate system is right-handed, and
x!(t) is the vertical component. If the jth record x’ (r)
has the frequency domain representation z/ (), the spec-
tral density matrix S (/') has components

S (F) = E{( (£ )*25 (£}
where FE denotes the expectation operator. Samson
[1983a] forms an estimate of the spectral density matrix,
S(r), with components

S () = 07N ()

t=nryn=01,.,N-1

ij=123
where

j __I*Ngl i f2afus
V) = Y wxd (nr)e iz ¢h)

NT n=(}
is a discrete Fourier transform of the jth component of
x(t) and {w,};"¢ is a chosen data taper. The matrix S (/')
is then smoothed in the frequency domain by applying a
moving average, and the eigenvectors and eigenvahies of
the smoothed matrix are found.

To apply the multitaper algorithm to the estimation of
S{f), one employs a set of K prolate spheroidal wave
function “eigentapers" y®(N W), k=0,1,...,K—1,
which are optimally resistant to spectral leakage from out-
side a chosen frequéncy band of width 2W [Thomson,

1982, Lindberg, 1986; Park et al, 1987]. For
k=0,1,..., K—1 the spectral estimates
N--1
yk(j)(f) - 1 2 v"(k)(N,W)xj (”T)e~i2ﬂ'fn7 (2)

n=0
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of each component of x (¢} can be made. Then a multi-
taper estimate of the spectral density matrix is

1
—[EMHU)-M(]’) (3)

where superscript // denotes conjugate transpose and

l)(f) yO[Z)(f‘) yJ)(f‘)

l)(f) {2) ) {1} )
M) = »i (f »i (f

1§”1 ) yf?’ () y“’l ()

The value of X, lhe number of eigenspectra used,
depends on 2/, the width of the frequency band in which
the spectral energy at frequency f is concentrated. The
K=2NW7—1 lowest order eigentapers possess sufficient
spectral leakage resistance to be useful [Skepian, 1983].

To investigate the eigenstructure of S{f), we perform-a
singular value decomposition M{/)=U -D V¥ where U
is a K x K unitary matrix of left eigenvectors of M, V is a
3% 3 unitary matrix of right eigenvectors v; of M, and D
is a Kx3 matrix with Dy=d;, j=1,2,3, the singular
values of M, and D=0 for i=j [Golub and Van Loan,
1983]. The polarization vector Z is the right eigenvector
corresponding to the largest singular value of the matrix
M. It specifies the direction of particle motion at fre-
quency f which contains the largest fraction of seismic
energy [Samson, 19836]. The components of Z can be
complex, allowing for phase lags between components.
Phase lags between components represent elliptical particle
motion. Our ability to identify £ with the principal polari-
zation of motion at f can be qualitatively assessed by
comparing the singular values d\2dy2dy  If
dy >> d,,d5, the polarization £=¥, is well determined.
We can use the ratio of the singular values to estimate the
uncerfainty in Z and any quantities we calculate from it.
The estimation of the polarization uncertainty follows the
derivation of Park and Chave [1984] and is outlined in the
appendix. If d==d,>> d5, there is a strong possibility
that coherent seismic motion at f ¢ €xisls at two separalé
polarizations. The dot product vl -¥,=0 by virtue of the
singular value decomposition, but this orthogonal relation-
ship need not carry over into the seismic polarizations. In
an S wave arrival, one expects SV and SH motion to be
orthogonal to first order in most situations, but the super-
position of other signals (e.g., reflected P arrivals} need
not have orthogonal polarizations,

If d,>>d, dy, the three-component particle motion
x(r) in the neighborhood of frequency f can be
represented by the real part of Rie "?"/" where R is the
amplitude of motion. We can adjust the phase of Z so that
R is real. If there exists a phase ¢ such that Ze™ is putely
real, then all motion described by Z lies along a single line
in three space. More generally, particle motion will follow
an ellipse confined to the plane spanned by the two real
vectors Re{) and Im@). If this ellipse is strongly
elongated along its major axis, reasonable horizontal and
vertical azimuths can be found. If the wave type is
krown, such as a P wave, then the propagation direction
can be determined. Strongly elliptical polarization suggests
modelike particle motion (for example, a Rayleigh wave)
with a poorly defined angle of incidence.

We can project the particle motion described by the
complex unit vector £ onto an ellipse in the horizontal
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Fig. 1. Diagram to illustrate the definitions of the polarization
angles ®, and &). The azimuth ®y is restricted to [-180°,
180°] and is measured counterclockwise frofn &5, The angle O
is chosen by determmmg the maximum horizontal displacement
of the particle motion for which &, will fall in the range
0< 0 < 90° The ellipticily of the particle motion is defined by
the amplitudes |z,[, |z;l, |z;] and the phase angles ¢y and ¢y
(deﬁned in text),

plane which is defined by z,=i-— €,Z)¢,, where
8,=(1,0,0). The major axis of this horizontal ellipse is
taken to be the principal direction of horizontally polarized
motion. To find the azimuth of the major axis, we deter-
mine the point of greatest displacement for the projection
zy in the horizontal plane by finding the maximum value
of

|Re @y ei2™/1) |2 4

If the components (zy,z;,z;) of i are expressed in the

form z;= |z le" this is equivalent to finding the maxima
“of

|z2Pcos?Qm fr+,) + |z312c082(2m ft-+¢b5) (5)
The extremes of this expression, remembering
;Zglzsinzq&z“f‘ ‘23_|2Sin 2(;’)3 = Im[z;2+232] (6)

are found when the phase angle 8 defined as 8= 2w ft
takes the values

6= —tharglzf+z§] + %T— (7N

where ( is an integer. Let [ be the integer closest to zero
which minimizes (5), the horizontal displacement, and for
which Re (z;) < 0. Define the phase angle 84 to be the
value of & for this {. Once 65 has been determined, the
horizontal azimuth of the major axis &, measured coun-
terclockwise from é,= (0,1,0) can be defined as

—if
| ReGzze ™)

By = tan™ —
Re(ze )

= Re(tan"'(zy/z,)) (8)

The range of the arctangent function is 0° < Oy < 180° if
Re(ziz$) <0 and —180°< @, < 0° if Re(z;z})>0. If
the particle motion is P like, @y can be interpreted as
pointing in the direction of the wave source. A represen-
tation of an elliptical motion for which @, < 0 is shown in
Figure 1.

Another useful quantity is ¢;—¢,=d¢yy, the phase
difference between the horizontal components of particle
motion. I ¢,—¢3;=0° or 180°, the particle motion is
predominantly linear. The value ¢, — ;== 90° represents

ParK T AL: FrEQUENCY DEPENDENT POLARIZATION ANALYSIS

elliptical motion with the major and minor axes oriented
along the axes of the instruments. If z;= +/z;, the parti-
cle motion is circular, with no definable azimuth. In this
case, the uncertainty in @y, given in the appendix, goes to
infinity as it is proportional to |27 +z7 |1,

The expressions relating horizontal to vertical motion
are similar, We want to find the angle ®, made with the
vertical by the major axis of the ellipse defined by
Re@e* /"y, Define the phase angles

On = 2mft = harglf+zl + T (9)

where m is an integer and zj=z4 +z§. The phase angle
Ay is the value of 6, at an m for which the particle
motion displacement is maximized. The angle of
incidence is ' '

=il
Relzie "]

O = tan! —
Relzye  *]

(10)

where Imz; > 0. The absolute value is taken to restrict
Oy to lie between 0° and 90°, the usual convention for
the angle of incidence (Figure 1. The phase lag between
vertical and horizontal motion can also be defined. Define
Py =0y —d,. Since the end points of the major axis of
the horizontal motion ellipse correspond tc @ y and
84 &, we can restrict the range of ¢,y to (—90°, 90°).

3. A SyNTHETIC EXAMPLE

We first illustrate the definitions of @y, @y, ¢y, and
by in a synthetic example. We constructed a three-
component record (Figure 2) from a sum of cosinusoids:

xln7) = E cos 80 cos Qmfnr — f)
100

x*(n7) = 3 cos /1 sin —i cos (2w fur) (11)
& %170

x3nr) = % sin | 2L sm{ cos (2w fnt)
A5 20

where » = 0,1,...,N—1 and the sampling interval is
7= 0.004 s. The polarization vector of this signal can be
written immediately as

Polarization test series

10
0 component 1
— 10 -
"W' component 2
_.20 L
-30F component 3
) 40 “I H | 1 L, |
0.0 1.0 2.0

time(sec)

Fig. 2. Polarization test series.
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Fig. 3. (a) Amplitude spectra and polarization angles caléulated from. the test series. Spectra for components 1
(solid line), 2 (coarse dashed line}, and 3 (fine dashed line). (b) The singular value associated with principal polari-

zation is plotted against frequency (solid line}, and the secondary singular values {dashed lines).

{¢) Horizontal

azimuth of particle motion. (4) Phase angle definéd by the major and minor axis of the horizontal particle motion
ellipse. (e) Angle of incidence of particle motion measured from nadir. (/) Phase angle defined by major and

minor axis of the vertical particle motion ellipse.
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where ¢y =0 and ¢y = (—m f)/50. Figure 3 shows the
results of a multitaper polarization analysis for frequencies
0< f < 30Hz The uncertainties are plotted as one stan-
dard deviation error bars in this and succeeding figures.
Figure 3b shows the thrée scaled singular values as a func-
tion of frequency. The principal polarization appears well
détermined. The amplitude spectra for the three com-
ponents are plotted in Figure 3¢. The angles ©,; and ¢
are plotted in Figures 3¢ and 3d. The angle ¢y, is not
well determined near zero frequency, as the horizontal sig-
nal amplitude is dwarfed by vertical component energy.
The apparent horizontal azimuth @, "wraps around" from
180° to —180° at 20 Hz and jumps 180° at 25 Hz. The
former jump is obvious; the latter is an artifact of ¢,y
passing through 90°. The phase angle ¢y, estimated
from the synthetic record, has a value of 0° or .+ 180°, to
observational accuracies. These values correspond to rec-
tilinear motion and are dependent on the quddrant where
the horizontal azimuth is directed. The phase lag ¢,y
between vertical and horizontal components is well deter-
mined everywhere except very near zero frequency where
the horizontal component amplitude vanishes. The ellipti-
city of particle motion disrupts the linear trend in O, as
shown in Figure 3e. At 25 Hz, ¢y =90° and the particle
motion is an ellipse with major and minor axes oriented
horizontally and vertically, respectively. Therefore

2(f) = [cos [Eséi] e“’"”", cos l%oi] sin

+ 8in

@y =90° ai 25 Hz. At higher frequencies, ¢, > 90°, the
refative sign of vertical and horizontal motion reverses,
and the particle motion ellipse "tips" in an opposite
manner relative to. its orientation for ¢,y < 90°. This
causes the observed 180° jump in apparent horizontal
azimuth ;. This example suggests that one should use
caution in interpreting the angles @, and 9, wherever thie
particle motion is nearly fully elliptical, i.e., when ¢y, or
¢y 1s within 20° of +90°,

4. DATA EXAMPLES

We illustrite this method of determining the polariza-
tion as a function of frequency with several examples. We
analyzed several waveforms which were recorded on the
Anza array after an earthquake that occurred at
0521:39.5 UT, September 9, 1982, with hypocenter -posi-
tioned at 32.93°N, 115.85°W, and depth 4.2 km. The
magnitude A, was determined to be 4.4. The event was
located near Superstition Mountain, California, on the
western edge of the Imperial Valley. The earthquake was
recorded on only four stations in the array (PFO; KNW,
FRD, and CRY; see Berger et al. {1984] for the defihitions
of these three-letter acronyms) as the event occurred prior
to the completion of the array. The hypocenter was
roughly 100 km southeast of the array. The m =1 com-
ponent is the vertical seismometer output with positive
motion definéd as up: We choose the m =2 comporient
so that positive motion points 45° east of north. Positive
motion along the /=3 axis is directed 45° west of north,
forming a right-handed coordinate system. Let the angle
0y be measured counterclockwise from .the primary Hor-
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Fig. 4. Anza data bsed in polarization example. Range in kilometers and expected €, are given in right-hand

columns,
number.

izontal axis (m=2). If the wave propagation is along a
straight line connecting the source and receiver,
—85° > @y > —98° for the four stations. The first 30 s
of recorded motion for this event are shown in Figure 4,
along with range and azimuth information (azimuth is
measured counterclockwise from N45°E). Both § and P
arrivals are extended wave trains, although the § energy is
more concentrated in time. An interesting feature of this
event is the small precursor to the main P arrival, shown
in the enlarged detail for stations FRID and CRY in Fig-
ures 5a and -5h. This waveform corresponds to a lower
crustal phase. '

Maximum amplitude in counts is given in left-hand column, along with station code and component

Polarization analysis reveals that the first arrivals have
complicated polarization signatures, The time window
taken is short (1.6 s}, corresponding to a Rayleigh fre-
quency 1/ (N7) of 0.625 Hz. Analysis using seven 4w pro-
late tapers averages energy over a band of width 8/(N7),
so that afl of the estimates shown represent an average
over a 5-Hz frequency band. If the true polarization
varied significantly over this bandwidth, one would expect
@y, Oy, duy, and ¢y to be relatively poorly determined.
The results for FRD are shown in Figure 6. The singular
values , and d; displayed in Figure 64 show local maxima
at several places in the spectrum from 0 to 30 Hz. Max-
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Station CRY
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time(sec) time{sec)

Fig. 5. (@) Plots of precursory waveform observed on station
FRD. (b Plots of precursory waveform observed on station
CRY. The portion used for spectrum analysis is bounded by
dashed lines. Both horizontal components at station FRD exhibit
visible 60-Hz power line noise. The spectral leakage resistance of
the 4m prolate eigentapers used in the analysis guards against bias
in the frequency band of interest.

ima at 2.5, 7.5, and 14 Hz correspond to boundaries
between distinct spectral features (Figure 6a4). All the
maxima below 25 Hz correspond to frequencies at which
one or more of the polarization angles change rapidly.
Horizontal motion is roughly rectilinear below 13 Hz, but
its azimuth is variable and significantly different from the
nominal azimuth of —87°. In fact, the largest amplitude
signal, from 8 to 13 Hz, is oriented clockwise 125° from
the primary component, a deflection of nearly 40° from
the nominal P wave arrival azimuth. The phase lag
between horizontal and vertical motion is alternately posi-
tive and negative in adjacent frequency bands but is never
more than partially elliptical. The angle between vertical
and horizontal motion, which can be interpreted in this
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case as the nominal angle of incidence, varies smoothly
with frequency in Figure 6e, with ©, — 25°-30° for
S <10 Hz, and @, == 15° above 13 Hz.

Figure 7 shows an analysis of the small amplitude P
precursor observed at station CRY. The variation of the
largest singular value o, with frequency shows four fre-
quencies (2.5, 7, 12, and 16 Hz) at which the principal
polarization vector is poorly determined, and there is a
peak in d,. Each of these peaks in o, occurs where there
is an abrupt change in the three-component spectra and in
one or more of the polarization angles. Although the
estimated uncertainties are larger than those in the last
example, the variability among frequency bands is clearly
visible in Figures 7c—f. Motion in the horizontal plane is
dominantly elliptical below 14 Hz, but particle rotation
proceeds in opposite senses in the two frequency bands
25Hz € f<7Hz and THz < f <14 Hz. The azimu-
thal angle ®4 hovers near the value expected for the epi-
center (—85°), but our synthetic example in Figure 3 sug-
gests that this may be due to the ~90° phase lag between
component motions. At higher frequencies, including the
substantial spectral peak at 18—20 Hz, the observed hor-
izontal azimuth of particle motion is roughly transverse to
the arrival azimuth, as though the energy at these fre-
quencies were SH in character. A better interpretation is
in terms of side-scattered P energy, as the vertical
azimuth of particle motion ©®, remains in the 20°—40°
range across all frequencies in Figure 7e.

Similar behavior is observed on stations PFO and KNW.
The nature of this polarization behavior is quite puzzling.
It is unlikely that instrument calibrations are at fault. A
timing error among components would result in a finear
drift in the relative phase angles, similar to that shown in
Figure 3 There are no poles or zeroes in the instrument
response over the frequency region shown. A perturba-
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Fig. 6. Amplitude spectra and polarization angles for precursory waveform observed at station FRD. Solid/dashed

line conventions are identical to those of Figure 3.
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Fig. 7. Amplitude spectra and polarization angles for precursory waveform observed at station CRY. Solid/dashed

line conventions are identical to those of Figure 3.

tion in the response filter characteristics would have
difficulty mimicking the apparent boundaries between
spectral processes. Moreover, we show below that the
relative polarization shift from frequency band to fre-
quency band varies greatly within the P coda. This argues
for a signal-generated effect rather than an instrument
effect. This behavior may reflect the modal structure of
an intercrusial head wave in a stratified crust. Another
interpretation is in terms of resonant vibrational modes in
the earth structure near the receiver. Structure of scale
lengths 100—-200 m could account for the higher-
frequency resonances observed in Figures 6 and 7.

We performed experiments to see if such resonant
behavior could be found in the P codas for this event.
When the entire coda was used for polarization analysis,
the results were poor. The three-component seismogram
recorded at station KNW is shown in Figure 8. Figure 9
presents polarization data from the 14-s P wave coda.
There appear to be competing signals at nearby frequen-
cies, creating either rapid variations in the polarization,
which are difficult to interpret, or else large uncertainties
in the polarization. Likewise, the presence of both SV -
and SH-polarized energy in the S arrivals made the
identification of a "principal" polarization uncertain.

We chose, therefore, to analyze the P codas of these
records in successive 2-s (500 sample) segments. We
observed what appear to be resonances over 4—6 Hz fre-
quency bands and variations in polarization over time that
suggest the arrival of P energy which has been scattered
within the crust. The results of a polarization analysis of
the first, fourth, and sixth 2-s time segments of the P
wave coda recorded at station KNW are shown in Figures
10—-12. The growth of the "noise" singular values ¢, and
d; as the time window moves through the coda suggests

an increase in scattered energy. The most prominent
features in the spectra of the principal polarization com-
ponents are the spectral peaks near 5 and 14 Hz. Com-
parison of the values of ®, in the time windows indicates
that there is a boundary between two distinct spectral
processes at 7—7.5 Hz. The 7—14 Hz process is character-
ized by dominantly rectilinear horizontal motion and stee-
ply vertical particle motion. The relative phase angles ¢,y
and ¢y for the lower-frequency process exhibit more
variability. Within a 2-s time window the horizontal
azimuth varies only slightly within the 0—7 Hz frequency
band, with more shallow vertical angles. Figure 12e shows
that @, > 60° in this frequency band, which may indicate
SV-converted motion. Particle motion at frequencies
greater than 15 Hz bears litile relation to the higher-
amplitude low-frequency signal and often cannot be inter-
preted in terms of P-, SV - or SH -polarized motion travel-
ing directly from source to receiver.
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Fig. 8. Three-component seismogram for Superstition Mountain
event observed at Anza station KNW. The 14-s segmeni chosen
for polarization analysis is within the dashed lines,
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Fig. 9. Amplitude spectra and polarization angles for the 14-s P coda segment shown in Figure 8. Solid/dashed line

conventions are identical to those of Figure 3.

The similar frequency dependences of ®, and ©, in
these 2-s time windows contrasts with the absence of a
clear pattern in the larger time analysis shown in Figure 9.
Similar effects are found when records from the other
three stations for this event are analyzed. This is not
surprising when one notes the large variation of polariza-
tion among the three time windows shown in Figures

—
o
—

amplitude spectra

= M o
[=lelNeNe)
C OO0 o

200
100

—
o
—

0
_100;..##&_[ g
o
200k 1 L ¥ L |
0

80

>
& 40

0 10 20 30
Frequency (Hz)

10—12. The azimuth of the epicenter has ® =—92° {i.e.,
clockwise) from the second component. The horizontal
azimuth @, of particle motion is, for 7.5 Hz
< f <14 Hz, always oriented more to the south, with
values that vary among time windows by 40° or more. At
S < 7 Hz, several of the time windows tested were con-
sistent with —92° relative azimuth, but the fourth and
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sixth segments, shown in Figures 11 and 12, show particle Orcutr [1985] have shown that the extended P, wave train
motion whose horizontal crientation is nearly pure east- observed in ocean boitom seismic data can be modeled by
west, We take this variation as evidence for the arrival of reverberations in the oceanic sediment layer and overlying
scattered off-azimuth P energy. water column, buttressing their comparison by demon-

A detailed interpretation of these results is beyond the strating a simple pattern of spectral peaks corresponding to
scope of this paper, but we can draw parallels with recent leaky vibrational modes. Bard and Bouchon [1985] have
studies of high frequency seismic spectra. Seremo and shown spectra from seismic events for which the retrieval

o]
()5 (b) & 10
g S48 —W
o [}
@ g v
03 - 0.6 "-\\ 4 It
_g E 04 “’\\r‘_vi ”~ ‘\ ,l, \ \I l“\l\
= 83 I i \,.“\‘, RN
a c 0.2, RSN e
E a { 1 1 ] L 1 i
© 0 10 20 30
(c) [ (ay 290w IIBI
100 - 100 F
S S I
—100[F T, ~100 | L gﬂ@g
—200 L) ) o i ] ] 200 iﬁ { | i 1 | i i
0 10 20 30 0 10 20 30 51
(f)
=
[N

0 10 20 30 0 10 20 30
Frequency (Hz) Frequency {Hz)

Fig. 12. Amplitude spectra and polarization angles for the eleventh and twelfth seconds of the 14-s P coda segment
shown in Figure 8. Solid/dashed line conventions are identical to those of Figure 3.
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of simple source parameters like corner frequency and
high-frequency roll-off is contaminated by a high-
frequency resonance which they model as a reverberation
in the low-velocity surface layer. The apparent polariza-
tion resonances observed in the P wave codas of the Sep-
tember 1982 Superstition Mountain event probably argue
for an even more complex structure than was postulated
in these studies.

The interpretation of the coda using resonance models
may offer a more direct method for characterizing near-
receiver structure than time-domain models of scattered
waves [e.g., Safo, 1984]. If the resonances of the siruc-
ture beneath one’s receivers are known, we can hope to
determine better the spectral shape of the original seismic
source. If we model the response R(f,Z) of the crustal
structure local to a receiver o waves traveling in the
lithospheric wave guide with frequency £ and polarization
Z, we expect observed three-component amplitude spectra
U (f) to be found by integrating

v = [ RU D50, Dd0 13)
[43

where s(f,Z) is the amplitude of the impinging signal.
We integrate £ over the lower half of the unit sphere in
order to account for energy arriving from all vertical
azimuths and out of plane scattering. In the example of
Sereno and Orcutt [1985], R{f ,2) was calculated for a sim-
ple layered model. For arrays (such as Anza} positioned
atop a heterogeneous medium, constraints on R (f,Z} can
be found empirically using a number of events at different
azimuths. Determination of R{f,Z) may be helpful in
evaluating the earthquake hazards of a potential building
site, especially as polarization analysis specifies both
seismic amplilude and particle motion at the recording
site. More research is necessary to determine if such a
project is feasible. The above examples suggest that
s{f,%) varies significantly within the coda, complicating
the determination of the near-receiver resonant structure,

5. CONCLUSIONS

We have devised a multitaper algorithm to determine
the polarization of particle motion as a function of fre-
quency and applied it to data recorded on the Anza
Seismic Telemetered Array [Berger et al., 1984). We form
a matrix of eigenspectra of three-component records and
perform a singular value decomposition to estimate the
complex-valued unit vector Z whose components specify
the sense of particle motion in the plane defined by the
two real vectors Re@) and Im@). We manipulate the
components of Z in order to specify four angles. The
angle ¢y represents the relative phase between the com-
ponents of horizontal motion. The angle ¢ =0° or
=+ 180° if the particle motion is rectilinear in the horizontal
plane, and ¢,y = +90° if the motion is elliptical and
oriented along the component axes. The phase angle ¢,
is the relative phase between horizontal and vertical
motion. The apparent azimuth ®, is defined by the max-
imum displacement of the horizontal projection of the par-
ticle motion ellipse. It is measured in the counterclock-
wise direction from the first horizontal component,
Finally, an angle of incidence ®, of the particle motion is
estimated. The uncertainties in these polarization angles
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can be estimated from the singular value decomposition
used to obtainZ {appendix).

The wvariability of the spectra and polarization over
0< f < 30 Hz suggest that the P coda observations can
be separated into several distinct varieties of seismic
motions, each occupying a separate frequency band. This
behavior suggests that in some cases it may be more
appropriate to model the P wave coda as a set of resonant
modes caused by near-receiver structure rather than a
number of randomly scattered compressional pulses. Evi-
dence for scattered energy is not lacking, however, as the
principal polarization accounts for a smaller proportion of
the total seismic energy late in the P coda, accounting for
only 60—-65% in some frequency bands. We also observe
that the apparent P wave arrival azimuth can vary by up
to 50°, both between adjacent frequency bands and in
adjacent time windows. Both rectilinear and elliptically
polarized signals are found, often coexisting in the same
time window in adjacent frequency bands. We find that
the apparent modal structure of the signal polarization
breaks down if the length of the time window is much
greater than 2 s, suggesting incoherent excitation by direct
and scattered seismic waves.

We are currently investigating the polarization behavior
of the data recorded at each site in the Anza array. We
want 10 use the polarization information to obtain better
estimates - of the seismic source spectrum. Such an
endeavor requres that one be able to identify the factors
causing the apparent jumps in polarization, both as a func-
tion of frequency and time.

APPENDIX:
FORMAL UNCERTAINTY OF POLARIZATION ESTIMATES

We estimate the uncertainties in the angles ®,, 0,
G i, by from uncertainties 82 (/) in the unit eigenvector
Z (f), which represents the principal polarization of particle
motion at frequency /. The derivation of the rms expec-
tation of 8% can be found in the work by Park and Chave
1984]. We oniy define the problem and state the results
here. The vector Z=¥,, the right eigenvector of M
(defined in (3)) associated with largest singular value d,.
The uncertainty o is estimated from the two smaller
singular values
1. K )
o= K= @prapy2 (AD
where K is the number of =igenspectra used in forming A
The covariance matrix for the first-order uncertainty 87
has expectation value

(ﬁz®(ﬁz)§~ E V00" (A2)

dl J=2
It is also true that (82®8Z)=0. The ® symbol denotes
the tensor {outer) product of two vectors. Since

(32® (62)"), = (5252")

we have complete information on the formal uncertainties
of the components of the principal polarization. Note that
since (82)*-Z=0asZ is a vector of unit length, 8% is com-
posed of ¥, and ¥3, the right eigenvectors associated with
the "noise" singular values 4,, ;.
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Given (A2), we can determine the formadl first-order
uncertainty of any well-behaved function of Z =
(z),22,23); bun = dy— Py = arg(z,) —arg(z;) to within an
additive constant, Sifice

iz z;—8z:z%) 5z
5, = ~0E HTOLE ) 107 A3
®) 2|Zj|2 m{ z (A3
7 FAY
/laqule\ 1/2 flazzi / 7Re &622823 + \|SZ:§I2 /
2523 §23|
(A4)
Since @y = Reftan ! (zy/24)),
Z3 - 22823‘23822
o R -8|-]| = Re|———==| (AS
: 0y = Re 22+z§ |22] € z3+z3 ‘ (A5)
so that
<|3(")HP>= Yolzf+23 |"2(|/;-'3l2( |322P>
— 2Re[zz’"z3(‘822823’*}] + |22|2{1623'|2::) (A6)

Note that ({362} — oo ds z,— iz3, i.e., circular polariza-
tion.

The uncertdinties of the vertical polarization angles 0,
and 0., are similar. With ©, given by (8), where
7*=22 4722, we use the relation 82 =3 'z pz,tz5025) 10
find

3%2,—2,2,82-212:02
56, = Re 5 i 21 2 22 21 023 (A7)
2 'l’Zz ’I'Z3
and
: - X G5%)
56,2 = 14 (A8)
(B0} = rii et +2i et P
wl_iere

X G 08) = |2]4182) 17+ |z,221% (82,24 |22, 523 7)
— 2Re (F’z{23(5z,523)) ~ 2Re ('z{25(d2,62]))
+ 2Re (|21|22223*{822623*>) (A9)

The restriction of the argument of the arctangent to be
positive»in_ the definition of @, does not alter its uncer-
tainty. Following (A3) and (A4}, the uncertainty of ¢y

is
82|
Zy

X (2.52) ]

Schyy = Im[az - (A10)
Z

and

iRl 2l (A1D)

(ISfﬁVHP‘ = ]/2{

where X is given in (A9).
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