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Abstract
We investigate the coupled effects of mineralogy and pressure on the dynamics of axisymmetric thermochemical plumes in the
lower mantle, using both high resolution numerical experiments and simple analytical theory. We focus on the effect of
composition on the compressibility which has not been studied before. Our results show that the effect of mineralogy is
considerable: For relatively low Si enrichment, the compressibility of the plume and of the surrounding mantle is similar therefore
the compositional density excess of the plume is constant with depth. This leads to an oscillatory behavior in plume head vertical
position with time, similar to previous work [A. Davaille. Simultaneous generation of hotspots and superswells by convection in a
heterogeneous planetary mantle. Nature, 402 (1999) 756–760.]. Si-enriched compositions instead induce a lower compressibility
for the thermochemical plume with respect to the surrounding mantle, implying an increase of the compositional density excess
with decreasing depth. Therefore, although thermochemical plumes can fully develop and rise toward the surface, their ascent may
be impeded by the chemical density excess, leading to the stagnation of large plume heads at various depths in the lower mantle. As
a consequence, Si-enriched thermochemical plumes may display broad (∼ 1200 km wide) negative seismic velocity anomalies at
various lower mantle depths, which may not necessarily be associated with upwelling currents. In addition, the coupling between
mineralogy and dynamics may provide an efficient mechanism for the long term survival of compositional heterogeneity in the
lower mantle.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Both geochemical and seismological observations
suggest that the Earth's mantle is heterogeneous in
major element composition. Mass balance calculations
based either on carbonaceous chondrites [2] or enstatite
chondrites [3] suggest that a significant part of the mantle
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is enriched in Si and Fe, relative to a pyrolitic composition
[4] which is representative of the ‘shallow’ mantle that
produces oceanic crust and residual lithosphere at midoceanic ridges. Moreover, seismological observations
combined with geodynamical considerations [5] suggest
that the lowermost mantle has a chemically distinct
composition with respect to a pyrolitic mantle.
Several mechanisms can be advanced to explain
mantle heterogeneity in major elements: (i) The recycling
and segregation of the oceanic crust in the lower mantle
[6,7] which would imply the presence of Si and Fe
enriched material in the lowermost mantle, (ii) core–
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mantle chemical interactions [8] which would enrich the
mantle in iron relative to a pyrolitic composition, (iii) the
freezing of an early magma ocean which would lead to the
presence of Si-enriched material [9,10] as a result of
fractional crystallization.
The Earth's mantle is therefore likely to be heterogeneous in terms of its major element composition, and
more specifically, that some part of the deep mantle is
enriched in Si and Fe relative to a pyrolitic composition.
As suggested by previous studies [11], this enrichment
would produce a positive compositional density contrast
(i.e., the presence of intrinsically denser material) with
respect to the surrounding mantle. Since density differences are the driving forces of convection, even small
compositional density contrast may have an important
effect on the dynamics of the Earth's mantle, especially if
they are of the same order as thermal density contrasts
(∼ −2% in the lower mantle) but of opposite sign.
Previous studies have shown that indeed the presence
of even small (e.g., 1%) compositional density contrasts
significantly affect mantle dynamics at various scales. On
the global scale, the presence of compositional density
contrasts may: (1) produce a great variety of convective
patterns [12], including the formation of large scale oscillating domes, possibly responsible of the presence of
superswells [1]; (2) affect the stirring processes by producing isolated regions with distinct stirring efficiencies
[13], thus providing a possible mechanism to explain the
systematic differences in isotopic compositions observed
for mid ocean ridge basalts and Ocean Island Basalts
(OIB) [14]; (3) enhance the stability and the longevity of
mantle plumes [15]. On regional scales, the influence of
compositional density contrasts has also a first order impact on the dynamics and on the interpretation of surface
observations. Farnetani and Samuel [16] have shown that
the presence of compositional density contrasts provide a
geodynamically consistent framework to interpret (i) the
extreme variability observed for OIB isotopic compositions as well as their longevity in the south central Pacific
region; (ii) the irregular and broad seismic velocity anomalies revealed by seismic tomography in the lowermost
mantle (e.g., [17]). Furthermore, in a recent study, Lin and
van Keken [18] show that the presence of compositional
density contrasts explains the multiple and irregular pulses of major volcanic eruptions for large igneous provinces, revealed by geochronological data, which are
difficult to produce by a purely thermal origin.
While these studies all underline the importance of
compositional heterogeneities on mantle dynamics at
various scales and for the interpretation of surface observations, they all assume that the compositional density
contrast is constant and the influence of composition and

pressure is not taken into account. Therefore, this paper
focuses on these features of variable compositional density contrasts by considering the dynamics of axisymmetric thermochemical plumes in the lower mantle. We
first show, on the basis of mineral physics, that the compositional density contrast between a chemically distinct
material and a pyrolitic reference mantle can significantly
vary with pressure, depending on the composition considered. We then investigate the effect of composition- and
pressure-dependence of the compositional density contrast on the stability of a thermochemical plume surrounded by a pyrolitic mantle, using both numerical and
semi-analytical models. The effects are shown to have a
significant impact on the fate of plumes and plume heads
in the Earth's mantle.
2. Pressure dependence of the compositional density
contrast
For the purpose of this study we consider the system
SiO2–FeO–MgO and focus on lower mantle phases
(Mg,Fe)SiO3 perovskite and (Mg,Fe)O magnesiowüstite. In this framework, any given composition can be
defined by three ratios. The first two are the silica and the
iron molar ratios: xSi = nSi / (nFe + nMg) and xFe = nFe /
(nFe + nMg), where nSi, nFe and nMg represent the
number of moles of Si, Fe and Mg, respectively. Note
that nFe + nMg is equal to the total number of moles of
(Mg,Fe)SiO3 perovskite and (Mg,Fe)O magnesiowüstite. Thus xSi expresses the molar proportion of
perovskite and 1 − xSi is the complementary molar
proportion of magnesiowüstite. The third ratio is the
iron–magnesium partition coefficient mw
between
magneð1−xFepv Þ
siowüstite and perovskite: KFe ¼ xFe
pv
mw , which
xFe ð1−xFe Þ
we assume to be constant and equal to 3.5, as suggested
by [19].
For a given material, the variation of its densityρ at a
given temperature T with lithostatic pressure P is controlled by the value of its bulk modulus KT = ρ(∂P / ∂ρ)T.
As shown in Table 1 perovskite and magnesiowüstite
have very different bulk modulii, indicating that
Table 1
Thermodynamical parameters for perovskite and magnesiowüstite at
ambient temperature
Parameters

pv
Mgx pv
Fex Fe
SiO3
Mg

mw
Mgx mw
Fex Fe
O
Mg

KT (GPa)
K′
ρ (kg m− 3)

258
4.1
4108 + 1070xpv
Fe

161 + 7.5xmw
Fe
4.1
3583 + 2280xmw
Fe

Values of KT and K′ = ∂KT / ∂P are from [31]. The iron dependence of ρ
and KT are taken from [32]. The superscripts pv and mw stand for (Mg,
Fe)SiO3 perovskite and (Mg,Fe)O magnesiowüstite, respectively.
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magnesiowüstite is more compressible than perovskite.
Consider a material whose composition in major
elements differs from a reference pyrolitic mantle (i.e.,
xSipy = 0.68 and xFepy = 0.11). Using mineral physics
considerations (following the approach described in
Appendix A) and mineral physics data listed in Table 1,
one can calculate the density at ambient temperature for a
range of lower mantle pressures, for the reference
pyrolitic mantle ρpy as well as density for general
compositions ρχ. One can thus deduce a profile of
compositional density contrast between the two materials
Δρχ = ρχ − ρpy. Such profiles, normalized by ρpy are
represented in Fig. 1 for three different compositions. The
ratio β = Δρχ / ρpy may vary with pressure depending on
the composition of the chemically distinct material with
respect to the reference pyrolitic mantle chosen. Since
reasonable iron enrichment/depletion (i.e., a change in
xFe with respect to that for a pyrolitic xFe = 0.11) does not
affect the mineralogical composition (i.e., the molar
proportions between perovskite and magnesiowüstite are
not modified) the average bulk modulus of the whole
assemblage does not differ too much from the bulk
modulus of a pyrolitic composition (see Table 1). Consequently, β varies little with pressure in this case (see
profile corresponding to composition 1 in Fig. 1). In
contrast, a Si enrichment/depletion will modify the molar
proportions between perovskite and magnesiowüstite,
resulting in a different bulk modulus for the whole
assemblage with respect to the pyrolitic composition.
Following a similar approach described in [20], we
determine the approximate analytical expressions for β0
and dβ / dz for a material with a given xSi and xFe for the
ranges xFe [0.09–0.20] and xSi [0.5–1]. We find a simple
approximate analytical expression for the dependence of
β0 with xSi and xFe: β0 = 33.0027 10− 2(xFe − xFepy)[1 −

3

0.7126(xSi − xSipy)]. We obtain an even simpler expression of dβ / dz (given in km− 1): dβ / dz = 17.2377 10− 6
(xSi − xSipy)[1 − 0.6474(xSi − xSipy)].
The ratio β can vary by 100% for composition 2 (see
Fig. 1) and up to 200% for even more Si-enriched
compositions (e.g., xSi = 0.95 and xFe = 0.13). The sign
of the variation dβ / dz is almost entirely related to the Si
enrichment/depletion of the chemically distinct material
with respect to the reference pyrolitic mantle while the
magnitude of this variation depends on both the Fe and
Si enrichment/depletion (e.g., see profiles corresponding to compositions 1 and 2 in Fig. 1).
Since the dynamics of convection can be strongly
influenced by the presence of even very small compositional density contrasts (e.g., [1,11,12,14,15]), one
should expect that an important variation of β with
pressure, as shown in Fig. 1 for Si-enriched compositions, may have a first order impact on the dynamics of
thermochemical plumes. Therefore, the fundamental
question we address in this paper is how the pressure
dependence of β will affect the convective stability of
plumes? We first investigate the problem by the means
of numerical modeling experiments, and we subsequently establish a semi-analytical model to study the physical processes that play a role on the dynamics of such
thermochemical plumes.
3. Numerical experiments
In order to investigate the pressure and compositional
dependence of the chemical density contrast Δρχ / ρpy
on the dynamics of thermochemical mantle plumes we
set up numerical experiments using the convection code
Stag3D [21] in 2D cartesian geometry.
3.1. Numerical model description

Fig. 1. Pressure dependence of the compositional density contrast with
respect to a pyrolitic reference composition (xSipy = 0.68 and
xFepy = 0.11) at ambient temperature for three distinct compositions.
The equivalent mantle depth is represented on the left vertical axis.

The code, described in detail in [21] solves for the
conservation of mass, momentum and energy and the
conservation of a compositional field χ in the limit of
infinite Prandtl number. The compositional field allows
us to model the presence of compositional density contrasts Δρχ which are small compared to the reference
mantle density.
The characteristic scales used to normalize the governing equations are the mantle thickness H = 3000 km,
the mean lower mantle density ρ0 = 4500 kg m− 3, the
maximum temperature difference allowed between the
thermochemical plume and the reference mantle ΔT =
1000 K, the reference mantle viscosity η0 = 6.08 1021 Pa
s. The thermal diffusion timescale H2 / κ is used where
κ = 10− 6 m2 s− 1 is the thermal diffusivity.
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Two non-dimensional numbers appear from the normalization of the conservation equations. The first is the Rayleigh number,
Ra ¼

q0 aDTgH 3
;
g0 j

ð1Þ

where g = 10 m2 s− 1 is the gravitational acceleration and
α = 2.5 105 K− 1 is the thermal expansion coefficient. The
choice of parameters listed above leads to a value of Ra = 5
106.
The second dimensionless number is the buoyancy
number: the ratio between the stabilizing compositional
density contrast Δρχ material over the destabilizing
thermal density contrast:
Dqv
b
:
B¼
¼
q0 aDT aDT

ð2Þ

Viscosity is temperature dependent, according the
following relationship:
g ¼ g0 e−hlng ;

ð3Þ

where θ is the dimensionless potential temperature and
γ is the maximum viscosity contrast allowed. Both B
and γ are varied systematically.
Density ρ varies according to the linear equation of
state:
q ¼ q0 ½1−aðT −T0 Þ þ vb;

ð4Þ

where χ expresses the composition which ranges from 0
(purely pyrolitic mantle) to 1 (purely chemically distinct
material), and β is the compositional dependence of the
density and may be depth dependent according to Profile 2
of Fig. 1.
The top and bottom surfaces are impermeable and free
slip while reflective boundary conditions are applied to
the vertical surfaces. We performed calculations on a grid
composed of 768 horizontal points and 512 vertical points
with an aspect ratio of 1:5:1, yielding a spatial resolution
of 5.8 km for both horizontal and vertical directions.
The evolution of the compositional field is solved
using a Lagrangian formalism, with a marker chain technique [22]. Tracers are used to delineate the interface
between the reference mantle and the compositionally
distinct material, which is initially a rectangle of (dimensionless) length and height 1.5 and 0.1, respectively,
located at the bottom of our model domain. At each time
step the tracers are advected using a fourth order Runge–
Kutta scheme and the tracers positions are fitted by cubic
splines. Tracers are added or removed according to curvature and length criteria along the curve obtained by the

spline fitting (i.e., by requiring that the product of the
curvature times the length for two consecutive tracers
along the curve is π / 2500), thus preventing the use of
unnecessary markers. This marker chain method has been
benchmarked against another convection study [22] and
for the purpose of our study was found to be more reliable
and computationally less expensive than the use of full
(space filling) tracer technique. Moreover, conservation of
mass of the compositional anomaly is guaranteed by
checking that the absolute value of the mass error [23]

R

DMmass ¼

ð

vdV −

R

ð

R

vdV

vdV

Þ

Þ

initial

initial

ð5Þ

(where V is the volume of the computational domain) is
less than 0.2%.
At the initial time t = 0, the dimensionless potential
temperature θ is zero everywhere, except in a small area
whose horizontal location corresponds to the vertical axis
of symmetry x = 0 while its vertical location corresponds to
the interface between the chemically denser material and
the reference mantle located at the dimensionless height
z = 0.1. During all the calculation, we impose in this area of
dimensionless length and height 0.009 and 0.017, a heating
patch with a potential temperature θ = 1. The location and
the dimensions of the heating patch were chosen in order to
generate the thermochemical plume at the interface
between the dense material and the overlying mantle and
to reduce the initial dimensions of the plume head.
3.2. Results
In order to investigate the influence of compositional
and pressure (or depth) dependence of β on the dynamics of axisymmetric thermochemical plumes, we run
two numerical experiments corresponding to the two
extreme cases shown in the profiles 1 and 2 of Fig. 1. In
terms of Δρχ, both compositions 1 and 2 can be defined
by β0 = β(z = 0) and dβ / dz. For simplicity, we do not
consider the curvature observed in profiles of Fig. 1. For
composition 1, β0 = 1.18% and dβ / dz = 0 km− 1 while for
composition 2, β0 = 0.49% and dβ / dz = 3 10− 6 km− 1.
3.2.1. Case where dβ / dz = 0
Fig. 2a–c show snapshots of the thermochemical
plume for experiment 1, revealed by its compositional
field χ corresponding to composition 1 (see Fig. 1). The
thermochemical plume first rises to its maximum height
of about 2000 km (Fig. 2a). At this height, the buoyancy
loss by thermal diffusion makes the plume head stop and
fall back towards its source (Fig. 2b). Note that the presence of a second, smaller plume head is due to the
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Fig. 2. Snapshots of thermochemical plume revealed by the compositional field χ for two distinct mineralogical compositions with respect to a
pyrolitic reference. Top: case corresponding to composition 1 (xSi = 0.68, xFe = 0.15) at 140 Myr (a), 250 Myr (b) and 490 Myr (c). Bottom: case
corresponding to composition 2 (xSi = 0.90, xFe = 0.13) at 110 Myr (d), 180 Myr (e) and 360 Myr (f ).

generation of a purely thermal plume at the top of the
thermochemical plume head, which entrains part of the
dense material toward the surface by viscous coupling.
During its descent, the plume head is continuously fed by
hotter material injected through the conduit, and thus
regains enough buoyancy to rise up again except only to a
lower height of about 1400 km (Fig. 2c). The mean
conduit half width is 45 km and the volumetric flux Q of

chemically distinct material inside the plume conduit is
fairly constant with depth and time at about 0.13 km3
yr− 1. Indeed, once the steady flux Q is reached at the heat
source, it remains constant, which is in good agreement
with a previous study [24]. This causes the volume of the
plume head to increase at a fairly constant rate. After
reaching a critical volume, the plume head tends to split
and portions of dense material fall back toward the source,
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but to either side of the conduit, yielding another cycle of
vertical oscillations of the plume head. The number of
oscillations depends on the value of Δρχ but in some cases
(not presented here) we have observed up to 6 oscillations
with a period of ∼200 Myr. This oscillatory behavior of
the plume head is also shown in Fig. 3a which displays the
time evolution of zRmax, the vertical location of the maximum value of the plume head radius, which gives a good
estimate of the vertical location of the plume head center.
Although our experiments concern thermochemical
plumes rather than domes originated from a thick chemically denser layer, the physics is similar to what is observed in laboratory experiments [1]. Moreover, our
numerical experiment shows that even when starting with
a relatively small volume for the plume head and modest
value for the conduit half width (∼45 km), the presence of
a small compositional density contrast leads, after some
time, to relatively large thermochemical plume heads with
a half width close to 500 km after few hundred Myr, without the need of a source region much bigger than D″ layer.
3.2.2. Case where dβ / dz ≠ 0
Fig. 2d–f show snapshots of the thermochemical
plume for experiment 2, revealed by its compositional
field χ corresponding to composition 2 (i.e., xFe = 0.13
and xSi = 0.9, see Fig. 1). For this experiment we found
that the mean value of the conduit half width is again
45 km and Q = 0.17 km3 yr− 1 which, similar to expe-

riment 1, is also fairly constant in time and space. The
initiation of the plume head is similar to the case where β
is constant (i.e., composition 1). However, after reaching
its maximum height of about 2200 km (Fig. 2d), the
plume head falls back to approximately 1600 km (Fig. 2e)
and then reaches a level of neutral buoyancy, zNB that is
roughly constant with time (Fig. 2f ). As in the case where
β is constant, parts of the plume head often detach and fall
back to the source after a critical plume head volume has
been reached. However, this does not affect significantly
the vertical location of the level of neutral buoyancy. Thus
in all cases, after the plume head reaches zNB, its volume
continues growing with time but the dense material
roughly remains at z ≅ zNB. The stagnant plume head regime observed in this case is also revealed in Fig. 3b
which displays the time evolution of zRmax, the vertical
location of the maximum radius of the plume head.
The results of the two numerical experiments displayed in Figs. 2 and 3 clearly show the strong mutual
influence of the mineralogy- and pressure-dependence
of β. In the case where β is constant (corresponding to an
iron enrichment only of the dense material relative to a
pyrolitic reference mantle), we observe an oscillatory
behavior of the plume head. In contrast, a depth dependent β damps the oscillatory behavior and leads to a
plume head that stagnates at a level of neutral buoyancy.
4. Diapir-conduit model
In order to elucidate the physical mechanisms observed in the numerical experiments described in the
previous section, we set up a semi-analytical model,
following the approach of [25,26]. We consider a diapirconduit model in cylindrical coordinates (z,r) (Fig. 4)
where the thermochemical plume is composed of a
spherical head Rh, connected to the source by a thin
cylindrical supply conduit of constant radius rc, and thus
of cross-sectional area A = πrc2. Mass conservation for
the spherical diapir requires:
dRh Q−AUh
¼
;
dt
4kR2h

ð6Þ

where t is time, Q is the constant volumetric influx of
hot but chemically denser material, and Uh is the Stokes
velocity for the plume head. Assuming a small plume
viscosity η = η0 / γ⁎ (where γ⁎ is the viscosity contrast)
with respect to the surrounding colder mantle viscosity
η0 [27], we find that
Fig. 3. Results from the numerical experiments 1 (a) and 2 (b). Time
evolution of zRmax, the vertical location of the maximum plume head radius.

Uh ¼

DqgR2h
:
3g0

ð7Þ
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Fig. 4. Schematic representation of the semi-analytical plume feeding model. See text for further definition of the symbols.

Note that to facilitate the comparison between the
numerical experiments and the diapir-conduit model, we
show in Appendix B that γ⁎ and γ, the maximum
viscosity contrast allowed for the numerical experiments
(which enters into Eq. (3)) are related according to:
γ⁎ = γ / 1.95. Contrary to [25], both thermal and compositional effects are taken into account in the buoyancy
of the plume Δρg. The effective density difference
between the plume and the surrounding mantle follows
the linear equation of state (4) with χ = 1; thus Δρ = ρ0
[α(Th(z) − T0) − β(z)], where T0 and ρ0 are the reference
temperature and density and Th is the mean temperature
of the plume head.
Conservation of energy requires that


d 4k 3
R q CP Th ¼ qh þ ðQ−AUh Þq0 CP Tc⁎ ;
dt 3 h 0

ð8Þ

where Tc⁎ is the horizontally averaged temperature at the
top of the conduit, just below the plume head, qh =
− 2πRhk(Th − T0) is the conductive heat loss by the
spherical head whose estimation can be found in
Appendix C.1; k = κρ0CP is the thermal conductivity
and CP is the specific heat. The second term on the right
hand side of Eq. (8) accounts for the heat provided by
the feeding conduit. Making the Boussinesq approxi-

mation that ρ ≅ ρ0 and CP is constant and using Eq. (6),
Eq. (8) can be recast as


dTh
3
ðTh −T0 Þ ðQ−AUh ÞðTc⁎ −Th Þ
þ
¼ 2 −j
:
2
4kRh
dt
Rh

ð9Þ

An additional relationship is required in order to
evaluate the temperature at the top of the conduit Tc⁎.
The latter is obtained by considering the steady heat loss
from the sides of the conduit, which is:
dðUc Aq0 CP Tc Þ
kðTc −T0 Þ
¼ qc ¼ −krc
;
dz
rc

ð10Þ

where Tc is the horizontally averaged conduit temperature at any height z, and Uc is the mean vertical velocity
inside the conduit. The estimation of qc can be found in
Appendix C.2. Making the reasonable assumption (see
results of Section 3) that the volumetric flux in the
conduit is constant, then Uc A = Q is constant and Eq.
(10) becomes:
dTc
pjðTc −T0 Þ
;
¼−
Q
dz

ð11Þ
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the solution of which, when evaluated at the plume head
height zh, gives Tc4⁎. Finally the relationship between the
plume head height zh and its velocity is:
dzh
¼ Uh :
dt

ð12Þ

Eqs. (6), (7), (9), (11), (12) are non-dimensionalized
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
using the p
following
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃcharacteristic scales: A=ð4kÞ for
distance, A3 =4kQ2 for time and ΔT = T(z0) − T0 for
temperature where z0 is the vertical location of the
plume source. This yields the following system of
equations:
dRhV
1
¼
ð1−UhVÞ
dt V RhV2

ð13Þ

UhV ¼ BT ðhhV−BÞRhV

ð14Þ

dhhV
6hhV
3
⁎
V
V
¼−
2 þ
3 ð1−Uh Þðhc V−hh Þ
dt V
PeRhV
RhV

ð15Þ

dzh V
¼ UhV
dt V

ð16Þ

2

dhcV
hV
¼− c;
ð17Þ
dz V
Pe
where the primes denote dimensionless values, θ′h = (Th −
T0) / ΔT and θ′c = (Tc − T0) / ΔT and θ⁎′
c = θ′c(z′h − R′h). The
buoyancy number B, defined in Eq. (2), is potentially a
function of z according to the profiles of Fig. 1; to first
order it is given by

B ¼ B0 þ


1 db
zV;
aDT dzV

ð18Þ

where B0 = β0 / (αΔT) and dβ / dz′ = L(dβ / dz).
The dimensionless number,
BT ¼

A2 q0 aDTg
12kg0 Q

ð19Þ

is the ratio of the thermal buoyancy forces over viscous
forces.
The third non-dimensional number is an effective
Peclet number:
2Q
Pe ¼ pﬃﬃﬃﬃﬃﬃ :
j Ak

ð20Þ

While the solution of Eq. (17) is just θ′c = e(z'0−z′)/Pe, Eqs.
(13), (15) and (16) are integrated numerically using a fourth
order Runge–Kutta algorithm, with the following set of
initial conditions: R′h = R′0, θ′h = θ′c = 1, z′h = z′0 + R′0.
The initial value of the plume head radius R0 is estimated following the relationship between γ, the viscosity ratio between the plume and the surrounding mantle,
and δ the thickness of the source region R0 = δγ2 / 9 as
given by [28]. The value of the influx Q is estimated by
considering an empirically modified law for a laminar
parabolic, buoyantly driven Poiseuille flow [27] inside the
plume conduit of radius rc near the source:
Q¼c

A2 Dq0 gg⁎
;
8kg0

ð21Þ

where Δρ0 = ρ0(αΔT − β0). The empirical constant c = 1 / 2
was chosen in order to give a good fit to the estimated
values of Q from the numerical experiments. The use of
Eq. (21) should not be interpreted as an implicit assumption of a Poiseuille-like flow inside the plume conduit,
whatever the value of the empirical constant c could be.
Here Eq. (21) is only used to specify a value of Q provided
at the source which, by standard scaling analysis, should
depend on parameters such as A, η0 or Δρ0. The assumption of buoyantly driven Poiseuille flow inside the plume
conduit together with a constant flux Q would imply: (1) a
hydrostatic flow outside the conduit, (2) a widening of the
plume conduit as the buoyancy inside the conduit decreases (as a result of thermal diffusion). However, from the
numerical experiments presented and from previous work
[24] the presence of the thermochemical plume induces a
non-hydrostatic pressure field outside the plume due to
the return flow. This background flow appears to impinge
on the plume conduit in such way as to keep the conduit
radius fairly constant while the flux Q inside the conduit
also remains nearly constant.
Eq. (21) and R0 = δγ2 / 9 are then used to determine the
values of the initial plume head radius and the volumetric
influx, respectively. A value of rc (or A) needs also to be
specified to estimate BT and Pe; for this we chose the
mean value of 45 km found for each numerical
experiments 1 and 2.
4.1. Results
In order to compare the semi-analytical model
described above with the numerical experiments
presented in Section 3, we run two cases corresponding
to each of the two numerical experiments 1 and 2
(named hereafter NE1 and NE2) with similar input
parameters BT, B and Pe. Table 2 summarizes the value
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Table 2
Dimensionless numbers and parameters for the numerical experiments
(NE) 1 and 2 and the corresponding semi-analytical (SA) runs
Parameters

NE1

SA1

NE2

SA2

B
BT (×10− 3)
Pe
γ⁎
(1 / L)dβ / dz′ (×10− 6 km− 1)
Lr′c (km)

0.47
48
29
51⁎
0
45

0.47
49
29
52
0
45

0.20
36
39
51⁎
3.0
45

0.20
33
42
50
3.0
45

The characteristic length scale L is 3000 km for NE and 22.5 km for SA.
⁎indicates values that have been calculated using γ⁎ = γ / 1.95 (see text).

of these parameters for both NE1 and NE2 and the
corresponding semi-analytical runs, named hereafter
SA1 and SA2. Fig. 5a–c and e–f show the results for
SA1 and SA2 runs, respectively.
4.1.1. Case where dβ / dz = 0
The time evolution of the plume head height displayed
in Fig. 5a shows that the oscillatory behavior observed for
NE1 is well reproduced by SA1. The plume head first rises
to a maximum height of ∼2200 km. Fig. 5b shows the
time evolution of Th − T0 and Tc⁎ − T0 for SA1. During its
ascent, the plume head loses heat by diffusion, consequently, its temperature Th decreases. A comparable behavior is observed for Tc⁎, the conduit temperature just below
the plume head, and is even more pronounced since the
conduit radius rc is smaller than the plume head radius Rh.
When the plume head reaches its maximum height, the
heat lost during it ascent makes it denser than the surrounding mantle, and the plume head falls back down.
During its descent, Tc⁎ increases rapidly because the
conduit height decreases, leading to an increase of Th (Fig.
5b). As a result of the Th increase, the plume head becomes
buoyant enough to rise up again (Fig. 5a) but to a smaller
height of about ∼1400 km. Fig. 5c shows the time
evolution of the plume head radius Rh which scales as t1 / 3,
indicating that the volume of the plume head increases
with time at a fairly constant rate. As required by mass
conservation (13), the rate of increase of the plume head
volume converges with time towards the value of the
imposed influx Q as Uh converges towards 0. This increase
of the plume head volume at a fairly constant rate with time
decreases the effect of heat impact for the conduit: In fact
when Rh increases, there is an imbalance between the
plume head heat loss (i.e., the first term on the right hand
side of Eq. (15)) which goes as Rh− 2 and the dilution of
plume head heat content by the increase of plume head
volume (i.e., the second term on the right hand side of Eq.
(15)) which goes as Rh− 3. Consequently, the plume head
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falls back again to the source and the cycle of ascent and
descent is repeated. The amplitude of the oscillations
decreases significantly with time because the volume of
the plume head keeps increasing with time. The
differences in the amplitude of the oscillations through
time between NE1 and SA1 (compare Figs. 5a and 3a) is
due, as mentioned earlier to the splitting of the plume head
observed for NE1, which is not considered by the diapirconduit model. However, we tested this conjecture by
incorporating an arbitrary separation of the plume head in
various cases for the diapir-conduit model, and indeed the
damping of the oscillations of the plume head's position is
removed.
4.1.2. Case where dβ / dz ≠ 0
The time evolution of the plume head height for SA2
displayed in Fig. 5d compares well with the results of
NE2 (e.g., Fig. 3b). The plume head first reaches a
maximum height of ∼ 2400 km after ∼ 100 Myr. Then, it
falls back to a height of ∼ 1500 km and remains at this
level of neutral buoyancy for several hundred of Myr
while its volume keeps increasing with time. Similar to
SA1, the time evolution of the plume head radius
displayed in Fig. 5f shows that Rh scales as t1 / 3 because
Uh converges rapidly towards 0 (see Fig. 5d). As a
consequence, the rate of increase of the plume head
volume converges rapidly to the value of the imposed
influx Q, according to mass conservation requirements.
Fig. 5e shows the time evolution of Th − T0 and
Tc⁎ − T0 for SA2. The level of neutral buoyancy reached
by the plume head corresponds to a height where an
equilibrium between the heat lost by the plume head and
the heat brought by the feeding conduit is reached, as
shown in Fig. 5e. This ‘steady’ state is due to the fact
that Th is almost constant with time while Tc increases
just enough to compensate the heat loss by the head.
For the specific case presented here the height of
neutral buoyancy zNB is located in the mid-mantle;
however zNB is controlled by the value of Pe, β0 (or B)
and dβ / dz. A full analytical expression of zNB can be
obtained by noticing that:
UhV ¼

dhhV
V
¼ 0 at zhV ¼ zNB
:
dt V

ð22Þ

Therefore, in that case, a non-trivial solution of Eq.
(14) is θ′h = B(z′ = z′NB) = BzNB, as suggested by Fig. 5e.
Then, under these assumptions, Eq. (15) yields


2R V
BzNB 1 þ h ¼ h⁎c V:
Pe

ð23Þ
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chosen implies that θ⁎c ′ = 1. Thus, Eq. (24) becomes a
second order polynomial equation

Then, using Eq. (18), Eq. (23) can be recast as:



1 db V
2RhV
z
B0 þ
1þ
¼ hc⁎ V:
aDT dzV NB
Pe

ð24Þ

p0 ¼ p1 zVNB þ p2 zV2NB ¼ 0;

ð25Þ

with the coefficients of the polynomial:
The above equation is consistent with the assumptions
made in Eq. (22) and with our diapir-conduit model for
various values of R′h ≤ z′NB − z′0. This is due to the fact
that while the vertical location of the plume head remains
at z′ = z′NB, the radius of the plume head keeps increasing
with time because it is constantly fed by the conduit.
Therefore, to obtain a solution z′NB of Eq. (24), we chose
the limiting case when the plume head's bottom reaches
the source, that is for R′h = z′NB − z′0. According to the
solution of Eq. (17) (i.e., θ′c = e(z'0−z′)/Pe) this limiting case

fp0 ; p1 ; p2 g
 



2z V
db
db
2
;
¼ B0 1− 0 −1;
dzV dz V aDT Pe
Pe

ð26Þ

Since all the parameters entering in p0, p1 and p2
are assumed to be positive, it follows from Eq. (26) that
p2 N 0. Moreover B0 is assumed to be lower than 1
which implies that p0 ≤ 0. Consequently, p0 p2 ≤ 0 and
then the discriminant p12 − 4p0 p2 is always strictly
positive. Therefore Eq. (25) admits two real solutions

Fig. 5. Results of the diapir-conduit model. Left: case corresponding to a constant compositional density contrast (i.e., composition 1, see Fig. 1). (a)
Time evolution of the center of the plume head height. (b) Time evolution of the temperature contrast with respect to the background temperature T0
inside the plume head (plain line) and inside the conduit just below the plume head (dashed line). (c) Time evolution of the plume head radius Rh.
Right: case corresponding to a depth/pressure compositional density contrast (i.e., composition 2, see Fig. 1). Frames (d)–(f) are equivalent to (a)–(f).
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pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
zV−NB ¼ ð−p1 − p21 −4p0 p2 Þ=ð2p2 Þ and zVþ
NB ¼ ð−p1 þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p21 −4p0 p2 Þ=ð2p2 Þ. However, for the range of Pe, B0,
−
dβ / dz′ values, considered, z′NB
is always negative
+
+
while z′NB is always positive. We then only retain z′NB
as the physically meaningful (i.e., positive) solution of
Eq. (25):
i
1 h
1
V
¼
−p1 þ ðp21 −4p0 p2 Þ2
zNB
ð27Þ
2p2
Fig. 6 shows values of zNB for different values of (B0,
dβ / dz) determined using the diapir-conduit model (plain
lines) and the above expression (dashed curves). The
very good agreement between Eq. (27) and the full
solutions of the diapir-conduit model confirms that the
assumptions made in Eq. (22) are reasonably valid.
Interestingly, a quick inspection of Eqs. (26) and (27)
shows that z′NB does not depend directly on γ⁎ or BT.
However, γ⁎ has an indirect influence on z′NB since it
modifies the influx Q which affects the value of Pe,
according to Eq. (20).
The comparison between numerical experiments
(i.e., NE1 and NE2) and semi-analytical runs (i.e.,
SA1 and SA2) shows that, although it is relatively
simple, our semi-analytical model is able to reproduce
the essential dynamical behavior of such complex
system as thermochemical plumes.
4.1.3. Regime diagram
In order to extend the above comparisons to a wide
parameter space we performed 131 numerical experiments in the case where dβ / dz = 0 for which we varied
systematically B0 and BT. Since both B0 and BT are
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related through Δρ0 = ρ0αΔT(1 − B0), they are not
independent of each other and therefore when running
numerical experiments, it is not practical to vary one of
these numbers without changing the other. For that
reason, it is more convenient to rewrite BT as BT = 4 /
(3γ⁎(1 − B0)) by substituting the expression for Q given
by Eq. (21) into Eq. (19). We then vary B0 and γ⁎, the
viscosity ratio between the plume and the surrounding
mantle, which is equivalent to varying separately B0 and
BT. For the numerical experiments, we systematically
varied B0 and γ, the maximum viscosity contrast which
enters into Eq. (3). Then, γ⁎ is deduced using γ⁎ = γ /
1.95.
The results are shown in Fig. 7 which displays three
different regimes for the thermochemical plume as a
function of γ⁎ and B (or equivalently β). The numerical
experiments are represented by symbols while gray
shading indicates the results of the semi-analytical
plume model. Three distinct regimes are represented: (i)
the plume reaches the upper mantle (light gray and
circles), (ii) the position of the plume head oscillates
vertically in the lower mantle (medium gray and
triangles), (iii) no plume is formed (dark gray and
squares). The exact criteria for the third regime was
arbitrarily defined as the plume conduit height being less
than the diameter of the plume head. The hollow
symbols indicate a transition from one regime to another
for the numerical experiments. Uncertainties in resolving more sharply the regimes for the numerical
experiments arise because (1) the plume head is not
spherical; (2) viscous entrainment takes place at the top
of the plume head (especially during the descending
phase) where purely thermal plumes are generated that

Fig. 6. Vertical location of zNB, the level of neutral buoyancy of the plume head as a function of dβ / dz and for various values of the buoyancy number
B = B0 (i.e., taken at the base of the lower mantle). These calculations correspond to a plume conduit radius rc = 45 km and a viscosity ratio γ⁎ = 50.
3
ð1−B0 Þgg⁎
is calculated using Eqs. (20) and (21). Plain line: results of the semi-analytical model. Dashed line: results using the full analytical
Pe ¼ rc aDT 8g
0j
expression of zNB (i.e., Eq. (27)).
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Fig. 7. Regime diagram for the case where dβ / dz = 0 as a function of the mean viscosity ratio γ⁎ = γ / 1.95 and the buoyancy number B. The left
vertical axis is the maximum viscosity contrast allowed (γ). The top horizontal axis represents the equivalent iron molar ratio xFe for the chemically
denser material, assuming the same Si content for the chemically distinct material and the reference pyrolitic mantle (i.e., xSi = 0.68). Shaded areas:
results from the semi-analytical plume feeding model. Symbols: results from numerical experiments, with hollow symbols indicating a transition from
one regime to another. Three different regimes of the thermochemical plume are mapped: (1) light gray and circles: the plume head reaches the upper
mantle; (2) medium gray and triangles: oscillatory regime of the plume head in the lower mantle; (3) dark gray and squares: no plume forms. Black
lines: isocontours (every 0.05 km3/yr) of the volumetric influx Q calculated using Eq. (21). See text for further details.

tend to entrain parts of the chemically distinct material
while the rest of it sinks back toward the source.
Note that for the semi-analytical calculations the plume
conduit radius rc (and consequently Q) is not the same for
each case but varies with the viscosity contrast γ. Indeed,
using the results of [29] one can show that the dependence
of rc with γ follows a power law:
rc ¼ a1 þ a2 g−a3

ð28Þ

where a2 and a3 are two positive constants that depend on
various parameters such as the radius of the heating patch
or the reference viscosity considered [29]. We have
chosen a1 = −33 km, a2 = 110 km and a3 = 0.0926, for
which Eq. (28) gives a good fit to the rc values measured
from our numerical experiments.
As clearly shown in Fig. 7 the increase of B moves the
plume behavior from the regime where the plume head
reaches the upper mantle to the non-plume regime,
regardless the value of γ. However, γ can have a large
influence on the plume's dynamical behavior, especially
for relatively low γ. This is due to the fact that γ controls rc
(as shown by Eq. (28)) and Q (according to Eq. (21)).
Indeed, the plot of Q in the same regime diagram (black
lines), displays a comparable shape to the boundary
between the different regimes of Fig. 7. This indicates that
for relatively small γ (i.e., b500), an increase in γ acts the
opposite way as an increase in B, by increasing the input

flux Q which makes the thermochemical plume ‘stronger’. However, for relatively moderate and high values of
γ (i.e., N500), an increase in γ does not significantly affect
the input flux Q because it is compensated by a decrease in
the plume radius, according to Eq. (28), thus implying a
dQ / dγ ∼ 0. This results in a weak influence of γ on the
dynamical behavior of the plume for large γ, as shown in
Fig. 7. Therefore, the relationships between γ, rc and Q
control the shape of the boundary between the regime
shown in Fig. 7.
The good agreement between numerical experiments
values and semi-analytical calculations validates our
diapir-conduit model for a large parameter space (B,γ).
5. Discussion
Several implications can be drawn from the numerical
experiments and semi-analytical results presented above.
First, the oscillatory and stagnant plume head behaviors
can lead to drastically different interpretations of seismic
tomography of the lower mantle. Indeed, following [5],
we calculate the shear wave seismic velocity anomalies for
NE1 and NE2 and SA1 and SA2 after 500 Myr. In all
cases, we find broad (∼1000–1400 km wide), significant
(c.a. ∼ −3%) slow shear wave anomalies for the plume
head in the lower mantle. In all cases the shapes of the
predicted seismic velocity anomalies correspond to the
location of the hot and chemically distinct material (Fig. 2)
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and compare well with several tomographic images of the
Indo-Atlantic region [30]. However, their interpretation in
terms of flow is radically different since these broad
negative seismic velocity anomalies can be attributed to
either: (i) to upwelling or downwelling flows, corresponding to a Fe enrichment only of the thermochemical
plume (NE1 and SA1); (ii) to a vertically stagnant flow,
corresponding to a Si enrichment of the thermochemical
plume (NE2 and SA2). Therefore, the nature of the
compositionally distinct material which dictates the
dynamical behavior of thermochemical plumes has also
a first order impact on the interpretation of seismic tomography of the lower mantle and emphasizes how carefully
such interpretation should be done, especially in terms of
the competing effects of temperature, composition and
flow.
In addition, the variability of β with pressure or depth
may lead to a very efficient mechanism for preserving
early compositional heterogeneities, possibly inherited
from the early differentiation of the Earth's mantle.
Finally, although we have essentially focused on
relatively simple thermochemical plumes, we believe
that the main results presented here still hold for more
complex and realistic situations, such as non-axisymmetry due to plate motion at the surface or interactions
between several plumes [16]. Indeed, even for more
complex flows we expect that the mutual influences of
mineralogy and pressure will have a first order impact
on the dynamics of thermochemical plumes, as long as
the feeding conduit and the plume head remain
connected. However, if the plume head is separated
from its conduit the heat loss by thermal diffusion will
not be compensated by the supplying conduit. Therefore, one should expect that (1) a complete damping of
the plume head oscillations after the plume head
reaches its maximum height in the oscillatory regime
(i.e., for dβ / dz = 0); (2) the stagnant plume head regime
(i.e., for dβ / dz ≠ 0) would no longer exist since the
necessary condition of the thermal balance dθh / dt = 0
(e.g., see Eq. (22)) will never be met. Nevertheless,
even in that case, the influence of variable compositional density contrast with pressure should have an
effect on the maximum height reached by the
thermochemical plume head.
6. Conclusions
On the basis of mineral physics considerations, for an
assemblage of the lower mantle phases (Mg,Fe)SiO3
perovskite and (Mg,Fe)O magnesiowüstite, the compositional density contrast induced by the presence of
compositional heterogeneity Δρχ / ρ may significantly
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vary with pressure in the lower mantle (up to 200%),
depending on the Si and Fe enrichment of the chemically distinct material.
We have thus investigated the effect of these mutual
influences of mineralogy and pressure on the dynamics
of axisymmetric thermochemical plumes in the lower
mantle, using both numerical and, for the first time,
analytical theory.
Our results show that depending on the composition,
the effect of pressure can be considerable: (1) For
relatively low Si enrichment, Δρχ / ρ is fairly constant
with pressure and an oscillatory behavior of the plume
head is observed, similar to previous laboratory experiments [1] but without the need of a large volume of
chemically distinct material. (2) For Si-enriched compositions with respect to a pyrolitic mantle, the compositional
density excess increases significantly with decreasing
pressure implying the presence of large volume, stagnant
plume heads at a level of neutral buoyancy, which can be
located at various lower mantle depths. We have provided
a full analytical expression for this level of neutral
buoyancy (27).
As a consequence of the revealed dynamics, these
thermochemical plumes may display broad (∼ 1200 km
wide) negative seismic velocity anomalies in the lower
mantle. In the case of Fe enrichment and relatively low
Si enrichment of the chemically distinct material, these
broad seismic velocity anomalies can be associated with
upwelling or downwelling flows since the vertical
locations of plume heads can oscillate with time. However, for an Si-enriched composition of the chemically
distinct material, the broad seismic velocity anomalies
induced by the presence of the large thermochemical
plume head, are associated with vertically stagnant
flows since the plume head remains at a level of neutral
buoyancy.
Finally, our results show that the variability of β with
lithostatic pressure may represent a very efficient
mechanism to preserve primordial or recycled compositional heterogeneities for long periods, as suggested by
the geochemical record and geophysical observations.
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Appendix A. Calculation of compositional density
contrasts
The calculation of density of a given mineralogical
assemblage of (Mg,Fe)SiO3 perovskite and (Mg,Fe)O
magnesiowüstite is performed by proceeding as follows:
We start with a given molar composition xSi, xFe. As
mentioned earlier, we consider a constant value for the
iron–magnesium partition coefficient between magnesiowüstite and perovskite: KFe = 3.5. Therefore, in order
to determine the iron content in perovskite xFepv and in
magnesiowüstite xFemw, we solve the following set of
equations:

KFe ¼

xFemw ð1−xFepv Þ
xFepv ð1−xFemw Þ

xFe ¼ xFe

mw

xSi þ xFe ð1−xSiÞ
pv

ðA:1Þ

ðA:2Þ

Then for each of the two mineralogical phases, we
consider a third order finite strain formalism [33]
according to which the pressure P is
3
P ¼ KT
2

" 7  5 #(
" 2 #)
q 3
q 3
3
q 3
1 þ ðK V−4Þ
−
−1 ;
q0
q0
4
q0
ðA:3Þ

where ρ0 and ρ are the room temperature densities of the
mineralogical phase considered (i.e., (Mg,Fe)SiO3
perovskite or (Mg,Fe)O magnesiowüstite) at room
pressure and at a given pressure P, respectively, and K′
is the pressure derivative of the isothermal bulk modulus
KT. These parameters are given in Table 1. We first
calculate ρ0 for each mineralogical phase, using Table 1,
then we use Eq. (A.3) to calculate ρ at a given pressure P.
Next we calculate the volumetric proportion of perovskite φpv and of magnesiowüstite φmw = 1 − φpv in the
assemblage, using the molar proportions of perovskite
(xSi) and magnesiowüstite (1 − xSi) and the molar
volumes (i.e. the density divided by the molar mass) of
each phase deduced by using Eq. (A.3). Then, the density
of the whole assemblage of the two phases is calculated
by doing a Voigt (volume weighted) averaging
ρ = ρpvφpv + ρmw(1 − φpv), where the superscripts pv
and mw stand for (Mg,Fe)SiO3 perovskite and (Mg,Fe)
O magnesiowüstite, respectively. Then, by applying the
approach described above while systematically varying

xFe and xSi, one can obtain various density profile
curves, as shown in Fig. 1. If for simplicity one neglects
their curvature, these profiles can be defined to first order
by β0 (i.e., β at 125 GPa) and dβ / dz.
Appendix B. Relationship between γ⁎ and γ
Here we determine the relationship between γ⁎ the
viscosity ratio used for the diapir-conduit model, and γ
the maximum viscosity contrast allowed in the numerical experiments. We first must consider the dimensionless temperature profile θ(r) in the plume conduit at a
given height z. From our numerical experiments and
previous work (e.g. [29]), θ(r,z) can be well approximated by a quadratic function:
"   #
r 2
hðr; zÞ ¼ h0 ðzÞ 1−
;
ðB:1Þ
rT
where θ0(z) = θ0(r = 0,z) and rT is the radius for which
θ(z) = θ0(z) / 2. Moreover, according to Olson et al. [29],
rc and rT are related as follows:

1=2
2
rc ¼
rT
ðB:2Þ
h0 ðzÞlng
Using Eq. (3) one can write γ⁎ = exp(θ̄lnγ), where θ̄
is the mean value of θ inside the plume conduit:
h̄ ¼

1
rc

Z

rc

hðrÞdr

ðB:3Þ

0

Combining Eqs. (B.1), (B.2) and (B.3) at z = z0 (and
thus θ0 = 1) yields: g=g⁎ ¼ exp 23 f1:95.
Appendix C. Heat loss estimates for the diapirconduit model
Here we determine the expressions for the conductive heat loss though the spherical diapir (qh) and
through the cylindrical conduit (qc) which enter in the
diapir-conduit model described in Section 4.
The general form of the total conductive heat flux
taken at the surface of either the diapir or the conduit is:
q ¼ −Sk

Tmax −T0
;
DT

ðC:1Þ

where k is the thermal conductivity, S is the area of the
volume considered, Tmax is the maximum temperature,
assumed to be at the center of the volume considered
(i.e., the spherical diapir or the cylindrical conduit) and
T0 is the background temperature (see Fig. 4). DT is the
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radial distance from the center of the volume considered
to the radius where T = T0.
Since our diapir-conduit model only deals with mean
temperatures, we need to express qh and qc as a function
of Th and Tc, the mean temperatures of the diapir and the
conduit, respectively.
C.1. Diapir
Here we use Eq. (C.1) with S = 4πRh2 and DT = chRh,
where ch is a constant that has to be specified. We
assume that the temperature profile inside the diapir
follows a quadratic law which satisfies a Poisson's
equation for steady state temperature and with constant
heat generation (assumed to be provided by the
advection of hot material):
" 
 #
R 2
T ðRÞ ¼ ðTmax −T0 Þ 1−
þ T0 ;
ðC:2Þ
ch Rh
where Rh is the radius of the plume head, Th can be
obtained by taking the volume average of T(R) from Eq.
(C.2)
Z R¼Rh
3
Th ¼
4kR2 T ðRÞdR
4kR3h R¼0

5c2h −3
ðC:3Þ
¼ ðTmax −T0 Þ
þ T0 :
5c2h
Using Eq. (C.3), Eq. (C.1) can therefore be recast as


4kR2h kðTh −T0 Þ 5ch
qh ¼ −
:
ðC:4Þ
Rh
5c2h −3
By choosing a constant value of ch ≅ 2.3, which is in
good agreement with our numerical experiments, Eq.
(C.4) simplifies to:
qh i−2kRh kðTh −T0 Þ:

ðC:5Þ

C.2. Conduit
We follow the same procedure as the one described in
Section C.1. Here we use Eq. (C.1) with S = 2πrc, and
DT = ccrc, where cc is a constant. This yields the
following expression for qc:


2krc kðTc −T0 Þ
2
qc ¼ −
:
ðC:6Þ
rc
2c2c −1
Since the use of Eq. (B.2) to estimate cc, would lead
to a temperature dependent cc, we choose instead, by
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simplicity, a mean value of cc ≅ 1.2 which is close to the
results of our numerical experiments. Eq. (C.6) therefore
simplifies to:
qc i−kkðTc −T0 Þ:

ðC:7Þ

Note that expressions (C.4) and (C.6) both include
factors which depend on the geometry considered. This
implies that if one wants to compare the results of the
diapir−conduit model with experiments in cylindrical
geometry instead of the 2D cartesian geometry, the
geometric factors which enter into expressions (C.4) and
(C.6) should be modified accordingly.
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