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1 Department of Geology and Geophysics, Yale University, New Haven, Connecticut, USA

Abstract The mantle of the Earth, and probably of other terrestrial planets as well, is heated from below
and within. The heating mode of mantle convection is thus mixed heating, and it is also time dependent
because the amount of heat-producing isotopes in the mantle is steadily decreasing by radioactive decay
and because the basal heat ﬂux originating in the cooling of the core can vary with time. This mode of
transient mixed heating presents its own challenges to the study of mantle convection, but such diﬃculties
are not always appreciated in the recent literature. The purpose of this tutorial is to clarify the issue of
heating mode by explaining relevant concepts in a coherent manner, including the internal heating ratio,
the Urey ratio, secular cooling, and the connection between the thermal budget of the Earth and the
geochemical models of the Earth. The importance of such basic concepts will be explained with some
illustrative examples in the context of the thermal evolution of the Earth, and a summary of common
pitfalls will be provided, with a possible strategy for how to avoid them.
1. Introduction
Convection in the Earth’s mantle is diﬀerent from the classical Rayleigh-Bénard convection in several important aspects, including rheology, heating mode, geometry, compressibility, phase transition, and chemical
diﬀerentiation [e.g., Bercovici et al., 2000; Schubert et al., 2001]. The primary focus of this paper is on the heating
mode of mantle convection, although other aspects such as rheology and geometry are also discussed when
they are essential to certain problems on heating mode. Whereas the ﬂuid is only heated from below in the
Rayleigh-Bénard convection, internal heating is also present for the case of the mantle owing to the decay of
radioactive isotopes. Mantle convection is not purely basally heated nor purely internally heated; it is somewhere between these end-members, and its heating mode is often called mixed heating. Moreover, mantle
convection is essentially transient, i.e., the internal temperature of the mantle is steadily changing with time
(usually cooling down), and the secular cooling of the mantle can be regarded as additional internal heating
[e.g., Daly, 1980; Weinstein and Olson, 1990]. The heating mode of mantle convection is thus mixed as well as
transient.
Recent years have witnessed a growing number of mantle convection studies aiming at understanding the
long-term evolution of the Earth and other terrestrial planets [e.g., O’Neill and Lenardic, 2007; Shahnas et al.,
2008; Landuyt and Bercovici, 2009; O’Farrell and Lowman, 2010; Deschamps et al., 2010; Korenaga, 2010a;
Nakagawa and Tackley, 2012; Stein et al., 2013; Noack and Breuer, 2014; Foley and Bercovici, 2014; Weller et al.,
2015; Lourenço et al., 2016; Wong and Solomatov, 2016], and a proper understanding of the evolving heating
mode has become more important than ever. Unfortunately, however, the relevance of the heating mode
tends to be overlooked in recent studies, making it diﬃcult to assess their implications for planetary evolution.
This is not surprising because it is not always straightforward to design convection models with a realistic
mixed heating mode and correctly interpret modeling results; it requires a good understanding of both geodynamics and geochemistry. Although heating mode is just one aspect of mantle convection, it is connected
directly to the dynamics of the top and bottom thermal boundary layers, which is central to the question of
how a terrestrial planet evolves through mantle convection. Moreover, multidisciplinary research has become
common in Earth and planetary sciences, and studies on the evolution of the early Earth and exoplanets are
not an exception to the trend. For such problems with limited observational constraints, geodynamical studies
can play a critical role by providing a physics-based foundation, which may help other disciplines. Yet, such
a foundation could easily be shaken by mistreatment of heating mode. The purpose of this paper is therefore to clarify this issue of heating mode by organizing relevant concepts and common pitfalls in a coherent
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manner and by providing some illustrative examples. To this end, I provide a review on heating mode based
on the available literature as well as with the aid of simple convection simulations. As no previous study has
performed such an exercise to my knowledge, my objective is to oﬀer an insight into the heating mode of the
mantle for future geodynamical studies.
The structure of the paper is as follows. I will ﬁrst explain the basics of thermal convection with an emphasis
on heating mode. Steady state solutions will be used to illustrate some subtle points associated with mixed
heating and transient solutions to highlight the importance of secular cooling. As the amount of radiogenic
heating is determined by the concentration of radioactive isotopes within the Earth, it is necessary to understand relevant geochemical concepts, which will be explained next. Whereas all numerical examples given in
this paper are with Cartesian boxes, using the spherical shell geometry becomes essential to address certain
types of convection problems, and this issue is also discussed. To demonstrate the importance of understanding the heating mode, I will then discuss two popular notions regarding how higher heat production in the
past might have aﬀected the evolution of the Earth. I will close with a summary of pitfalls and a possible
strategy for how to avoid them.

2. Basics
2.1. Some Deﬁnitions
The nondimensionalized governing equations for thermal convection of an incompressible ﬂuid consist of
the conservation of mass,
∇ ⋅ u∗ = 0,

(1)

)]
[ (
− ∇P∗ + ∇ ⋅ 𝜂 ∗ ∇u∗ + ∇u∗T + RaT ∗ ez = 0,

(2)

the conservation of momentum,

and the conservation of energy,
𝜕T ∗
+ u∗ ⋅ ∇T ∗ = ∇2 T ∗ + H∗ .
𝜕t∗

(3)

The Cartesian geometry is assumed in sections 2.1 through 2.3; the eﬀect of spherical geometry is discussed in
section 2.5. The unit vector pointing upward is denoted by ez . Asterisks denote nondimensional variables. The
spatial coordinates are normalized by the system depth D, and time is normalized by the diﬀusion timescale,
D2 ∕𝜅 , where 𝜅 is thermal diﬀusivity. Velocity u∗ is thus normalized by 𝜅∕D. Dynamic pressure P∗ and viscosity
𝜂 ∗ are normalized by 𝜂0 𝜅∕D2 and 𝜂0 , respectively, where 𝜂0 is a reference viscosity at T ∗=1 (see equation (9)).
Temperature T ∗ is normalized by a characteristic temperature scale ΔT . The Rayleigh number Ra is deﬁned as
Ra =

𝛼𝜌0 gΔTD3
,
𝜅𝜂0

(4)

where 𝛼 is thermal expansivity, 𝜌0 is reference density, and g is gravitational acceleration. The Rayleigh number
is a nondimensional parameter. Heat generation H∗ is deﬁned as
H∗ =

𝜌0 HD2
,
kΔT

(5)

where H is heat production rate per unit mass, and k is thermal conductivity.
For purely internal heating, the temperature scale exhibited by a convection system is not known a priori.
A common choice is to use the temperature scale derived from thermal conduction with heat generation,
ΔTH =

𝜌0 HD2
.
k

(6)

For a purely conducting layer of thickness of D with uniform heat generation H and no basal heat ﬂux, the total
temperature variation across the layer is given by half of this temperature scale [e.g., Turcotte and Schubert,
2014, section 4.6]. Moreover, the use of the reference viscosity 𝜂0 , when deﬁned at T ∗ = 1, is not guaranteed
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to be a representative viscosity, and the Rayleigh number for purely internal heating is often deﬁned with the
surface viscosity, 𝜂s , and the above temperature scale. Such a Rayleigh number is called the surface Rayleigh
number, which may be expressed as
Ras = Ra

𝛼𝜌2 gHD5
ΔTH 𝜂0
= 0
.
ΔT 𝜂s
k𝜅𝜂s

(7)

At the same time, the temperature scale ΔTH is usually much greater than the actual temperature scale exhibited by a convecting system, and the convective potential measured by equation (7) diﬀers from the scale
given by equation (4). We thus often use another kind of Rayleigh number, the internal Rayleigh number,
which is deﬁned as
Rai = RaTi∗

𝛼𝜌0 gTi∗ ΔTD3
𝜂0
=
,
𝜂i
𝜅𝜂i

(8)

where Ti∗ denotes the internal temperature (normalized by ΔT ), and 𝜂i is the viscosity at the internal temperature. The exact deﬁnition of the internal temperature varies slightly among diﬀerent studies [e.g., Solomatov
and Moresi, 2000; Korenaga, 2009a], but it is meant to represent the average temperature of advectiondominated regions. The internal Rayleigh number is deﬁned with the actual temperature scale as well as
internal viscosity. The internal Rayleigh number can also be calculated for basal and mixed heating, in which
case internal viscosity and temperature are measured away from both top and bottom boundary layers. The
Rayleigh number given by equation (4) is also called the bottom (or basal) Rayleigh number as it is based on
the viscosity at the bottom boundary where T ∗ = 1.
For simulation with purely internal heating, the temperature scale ΔTH is sometimes used for nondimensionalization, in which case H∗ becomes unity [e.g., Solomatov and Moresi, 2000]. To consider all types of heating
modes collectively, however, it is more convenient to use the same temperature scale ΔT regardless of heating mode. I will thus use the bottom Rayleigh number Ra even for cases with purely internal heating, and it is
to be understood that the temperature and viscosity scales assumed in the Rayleigh number are usually not
realized in those cases. For example, if a purely internally heated case results in the internal temperature Ti∗
of 0.8, the temperature contrast across the entire system is given simply by Ti∗ ΔT = 0.8ΔT , where ΔT is the
temperature scale assumed in the bottom Rayleigh number.
I will use three diﬀerent kinds of viscosity in this paper: constant viscosity, temperature-dependent viscosity,
and pseudoplastic rheology. The isoviscous cases (i.e., with constant viscosity) serve as the simplest examples,
and the cases with temperature-dependent viscosity provide examples for stagnant lid convection. The cases
with pseudoplastic rheology are used to simulate plate tectonic convection, i.e., the subduction of a strong
top boundary layer. For temperature-dependent viscosity, the following linear exponential form is employed:
𝜂T∗ = exp[𝜃(1 − T ∗ )],

(9)

where the Frank-Kamenetskii parameter, 𝜃 , controls the degree of temperature dependence. When T ∗ varies
from 0 to 1, the total viscosity contrast achieved in the system is given by exp(𝜃). This is a simpliﬁed form of the
more realistic Arrhenius-type temperature dependence, and the parameter can be related to the activation
energy E as
𝜃=

EΔT
,
R(Ts + ΔT)2

(10)

where R is the universal gas constant and Ts is the surface temperature [e.g., Solomatov and Moresi, 2000]. For
the present-day Earth’s mantle, E is ∼300 kJ mol−1 [e.g., Karato and Wu, 1993] and ΔT is ∼1300 K (excluding
the temperature contrast across the thermal boundary layer at the core-mantle boundary) [e.g., Herzberg et al.,
2007], so 𝜃 is ∼20, which corresponds to a viscosity contrast of ∼ 5 × 108 .
For cases with pseudoplastic rheology, I use the following nonlinear eﬀective viscosity,
𝜂y∗ =
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where 𝜏y∗ is the constant (depth-independent) yield stress, and e∗II is the second invariant of the strain rate
tensor. The transition between plastic and ductile deformation is handled by using the harmonic mean of
the temperature-dependent viscosity and the above eﬀective viscosity as
)−1

(
𝜂 =
∗

1
1
+
𝜂T∗ 𝜂y∗

.

(12)

For convection with basal and mixed heating, T ∗ is usually set to 0 at z∗ = 1 (top) and 1 at z∗ = 0 (bottom).
For purely basal heating, H∗ is 0, and total heat ﬂow from the top is the same as total heat ﬂow from the
bottom, when averaged over a suﬃcient duration. The time-averaged heat ﬂux from the top, q∗t , is in general
related to that from the bottom, q∗b , as
q∗t = q∗b + H∗ .

(13)

For convection with purely internal heating, the bottom boundary is insulated, i.e., q∗b = 0.
It is convenient to introduce the internal heating ratio, 𝜉 , deﬁned as
𝜉=

q∗t − q∗b
H∗
.
∗ =
qt
q∗t

(14)

The ratio is 0 for purely basal heating, is unity for purely internal heating, and takes some other value for mixed
heating. Using time-averaged heat ﬂuxes from a statistically steady state solution is essential for equation (13)
to hold. We can also calculate the ratio using instantaneous heat ﬂuxes from a transient solution, using the
right-hand deﬁnition of equation (14), but the instantaneous ratio does not necessarily have a clear connection to internal heating rate (section 2.3).
The Nusselt number is surface heat ﬂux normalized by a hypothetical heat ﬂux for a purely conductive system
with the same temperature contrast across the convecting system, and for basal and mixed heating, we have
Nu = q∗t ,

(15)

because the total temperature contrast across the system is ΔT . For purely internal heating, we have instead
Nu =

q∗t
Ti∗

,

(16)

because the temperature contrast is given by Ti∗ ΔT .
For purely internal heating, we can also deﬁne the Nusselt number using the temperature scale of ΔTH , and
in this case, the Nusselt number is given by 1∕Ti∗ (where Ti∗ is normalized by ΔTH ) because the normalized
heat production (and thus the nondimensional surface heat ﬂux at a thermal equilibrium) becomes unity with
ΔTH . Note that for the case of purely internal heating, the Nusselt number can be expressed either as q∗t ∕Ti∗
with the temperature scale of ΔT or as 1∕Ti∗ with ΔTH , but the value of the Nusselt number itself is unaﬀected
by the choice of the temperature scale. Understanding these diﬀerent deﬁnitions becomes important when
using scaling relations developed in previous studies (section 2.3).
2.2. Steady State Solutions
There exist a number of classical studies in which we can see the consequences of diﬀerent heating modes
[e.g., McKenzie et al., 1974; Daly, 1980; Fleitout and Yuen, 1984; Christensen, 1989], and a few representative
snapshots from statistically steady state solutions are shown in Figure 1. These solutions are prepared as follows. The governing equations for thermal convection (equations (1)–(3)) are solved by the 2-D ﬁnite element
code of Korenaga and Jordan [2003]. The top and bottom boundaries are free slip. The top temperature is
ﬁxed to 0. The bottom temperature is ﬁxed to 1 for basal and mixed heating, whereas the bottom boundary
is insulating for purely internal heating. A reﬂecting boundary condition (i.e., free slip and insulating) is applied
to the side boundaries. The aspect ratio of a model is 4 to reduce wall eﬀects, and the model is discretized
by 256 × 64 uniform quadrilateral elements. Internal temperature is set to 1 at t∗ = 0 with random perturbations of small amplitude (10−5 ), and the system is integrated for a suﬃciently long time (usually t∗ > 0.1)
to reach a statistically steady state. Two diﬀerent viscosities are used: uniform viscosity (Figures 1a–1e) and
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Figure 1. Temperature snapshots of steady state solutions with various heating modes. Columns include cases with
(a–e) uniform viscosity (with Ra = 107 ) and (f–j) temperature-dependent viscosity (with Ra = 3 × 108 and 𝜃 = 15,
so Δ𝜂 = exp(15) ∼ 3.3 × 106 ). For purely basal heating (Figures 1a and 1f ), internal heating is 0, and for other cases,
uniform internal heating is applied with the H∗ = 20 (Figures 1b and 1c), 40 (Figures 1d and 1e), 3 (Figures 1g and 1h),
and 6 (Figures 1i and 1j).

temperature-dependent viscosity with 𝜃 of 15 (Figures 1f–1j). The (bottom) Rayleigh number Ra is set to 107
for the former and 3 × 108 for the latter. The proﬁles of horizontally averaged temperature corresponding to
these snapshots are shown in Figure 2.
The convection system exhibits a symmetric thermal structure only when viscosity is spatially uniform and
heating is purely basal (Figures 1a and 2a). The internal temperature Ti∗ is ∼0.5, and the top and bottom
boundary layers are similarly unstable. At the other extreme of purely internal heating, the bottom boundary
layer is entirely absent (Figures 1b and 1d), and with a greater amount of internal heat production, the internal
temperature increases (Figure 2a). The cases with mixed heating show higher internal temperature when compared with the same value of H∗ , which is because of additional heat ﬂux from the bottom. With greater H∗ ,
downwellings from the top boundary layer become more dominant (Figures 1c and 1e). The internal heating
ratios are ∼0.46 and ∼0.73 for the cases shown in Figures 1c and 1e, respectively. This eﬀect of H∗ should be
understood with the fact that the isoviscous examples compared here are all obtained at the same Rayleigh
number. Increasing the Rayleigh number, for example, would generally cool the ﬂuid more eﬃciently, thereby
reducing the eﬀect of H∗ on internal temperature [e.g., Sotin and Labrosse, 1999]. Scaling relations among heat
ﬂux, heat production, and internal temperature had been unavailable until recently for isoviscous convection
with mixed heating [Moore, 2008; Shahnas et al., 2008; Choblet and Parmentier, 2009; O’Farrell and Lowman,
2010; Deschamps et al., 2010; Choblet, 2012].
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Figure 2. Horizontally averaged temperature corresponding to snapshots shown in Figure 1. (a) Cases with uniform
viscosity. (b) Cases with temperature-dependent viscosity.

With strongly temperature-dependent viscosity, the top boundary layer carries a much greater temperature
contrast than that in isoviscous cases (compare the left and right panels of Figure 1). All cases shown in
Figures 1f–1j are in the regime of stagnant lid convection [e.g., Solomatov, 1995], in which the top boundary
layer is too stiﬀ to deform and convection can take place only beneath the rigid lid. The top boundary layer
can become thick because of its stiﬀness, and cooling from above becomes ineﬃcient. Compared to the isoviscous cases, therefore, the internal temperature is generally higher (Figure 2b), and so is the internal heating
ratio; the values of 𝜉 are ∼0.47 and ∼0.76, respectively, for H∗ of only 3 and 6. For purely basal heating and
purely internal heating, various scaling relations are available [e.g., Moresi and Solomatov, 1995; Solomatov and
Moresi, 2000; Reese et al., 2005; Deschamps and Lin, 2014; Yao et al., 2014], and it is straightforward to design a
simulation with a desired combination of surface heat ﬂux and internal temperature. For mixed heating, such
relations are yet to be developed, and it requires some trial and error to control surface heat ﬂux, internal
temperature, and internal heating ratio. In other words, with mixed heating, the overall temperature scale of
the system is well deﬁned because the bottom temperature is prescribed, but some important aspects such
as the average temperature of the mantle, which is approximately Ti∗ , and the relative importance of basal
heat ﬂux, which is related to 𝜉 , can be determined only a posteriori and could vary in an unexpected manner
depending on the assumed functionality of viscosity.
An example of such diﬃculty inherent to mixed heating is given in Figure 3. Here statistically steady state
solutions are obtained using the pseudoplastic rheology of equation (12), with 𝜃 =15 and three diﬀerent yield
stresses 𝜏0∗ : 1 × 109 , 2 × 105 , and 2 × 104 . The bottom Rayleigh number is set to 107 , and internal heating H∗ is
set to 3 in all of the three cases. When the yield stress is as high as 1 × 109 , it does not compensate for the
eﬀect of temperature-dependent viscosity, and the system is in the regime of stagnant lid convection, with
a high internal heating ratio (∼0.83). When the yield stress is lowered to 2×105 , the system exhibits episodic
overturns of the top boundary layer [e.g., Moresi and Solomatov, 1998]. Most of the time, the system is in
the stagnant lid regime, resembling very closely the situation depicted in Figure 3a, but occasionally, the top
boundary layer becomes unstable (Figure 3b), and the subduction of the entire boundary layer temporally
reduces the internal heating ratio to ∼0.4, which then gradually recovers to the original high value (∼0.83).
Further reduction in the yield stress brings the system to the so-called mobile lid regime, in which the top
boundary layer is constantly mobilized (Figure 3c). Because of eﬃcient cooling in the mobile lid regime, the
internal temperature is greatly reduced (∼0.57), and the internal heating ratio is very low (∼0.23). All of these
cases share the identical bottom Rayleigh number (Ra = 107 ), the same amount of internal heating (H∗= 3), and
the same viscosity contrast across the system due to temperature dependence (Δ𝜂 = exp(15) ∼ 3.3 × 106 ).
Changing only one parameter, the yield stress, however, can bring drastic diﬀerences to the nature of convection; the mobile lid regime is characterized by a much colder mantle with more intensive basal heat ﬂux
than the other regimes. Also, the temperature drop across the top boundary layer in the mobile lid regime
is nearly half of that in the episodic overturn and stagnant lid regimes. This indicates that the top boundary
layer in the former is characterized by a considerably smaller viscosity contrast (∼ 104 ; Figure 3, right panels).
The nature of the top boundary layer (i.e., oceanic lithosphere) and the convecting interior is so diﬀerent
between the solutions shown in Figures 3b and 3c that if they represent diﬀerent stages of planetary evolution
as sometime assumed [e.g., O’Neill et al., 2007], these stages must be vastly separated in time. For example, the
internal temperature of Figure 3c is lower than that of Figure 3b by ∼0.4, which is equivalent to ∼800 K with ΔT
of 2000 K (a typical temperature scale for the mantle convection of the Earth). For comparison, petrological
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Figure 3. Three diﬀerent convection regimes simulated with pseudoplastic rheology. (a) Stagnant lid convection with
𝜏0∗ = 1 × 109 . (b) Episodic overturn with 𝜏0∗ = 2 × 105 . (c) Mobile lid with 𝜏0∗ = 2 × 104 . All cases are with Ra = 107 , 𝜃 = 15,
and H∗ = 3. Left panels show temperature snapshots of statistically steady state solutions, and right panels show the
temperature-dependent part of the rheology, calculated with the horizontally averaged temperature.

observations suggest that the Earth’s upper mantle has cooled by only ∼300 K over the last three billion years
[Herzberg et al., 2010].
2.3. Transient Solutions and the Urey Ratio
As mentioned in section 1, the mantle is heated both from within and from below, and its heating mode
is fundamentally time dependent because the amount of radiogenic heating decreases steadily with time.
However, statistically steady state solutions, such as those discussed in the previous section, are still useful
because, even when the system is evolving, its characteristics at each time instant can be understood based
on the scaling of such steady state solutions. In particular, when a system is cooling, the inﬂuence of secular
cooling is thermally equivalent to an additional source of internal heating [e.g., Daly, 1980; Christensen, 1985b;
Weinstein and Olson, 1990; DeLandro-Clarke and Jarvis, 1997; Choblet and Sotin, 2000]. It is critical to understand this issue when relating convection simulations to the thermal evolution of the Earth, yet there exist a
fair number of recent studies that do not recognize the role of secular cooling. In this section, I use two simple
examples to elucidate the crux of the transient heating mode. For simplicity, the bottom boundary is insulating in both examples, and I will focus on how transient solutions can be explained by the scaling of steady
state solutions with purely internal heating.
For purely internal heating, Solomatov and Moresi [2000] derived the following heat ﬂow scaling for (statistically steady state) stagnant lid convection with linear exponential rheology:
(
)1∕2
1 − 2Nu−1 + 2arh 𝜃 −1
= a𝜃 −(1+𝛽) Ra𝛽s exp(𝛽𝜃∕Nu),
(17)
where arh = 2.4, 𝛽 = 1∕3, and a = 0.53. Using equations (7), (8) and (16), and noting that Solomatov and Moresi
[2000] normalize temperature with ΔTH , the above scaling may be rearranged (see Appendix A) so that the
surface heat ﬂux is expressed as a function of internal parameters only:
(
[(
]1∕2 )
)2
q∗t = Ti∗ 1 − arh 𝜃i−1 + 1 − arh 𝜃i−1 + a2 𝜃i−2(1+𝛽) Ra2𝛽
(18)
,
i
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Figure 4. Instantaneous cooling simulation from a uniformly hot ﬂuid (T ∗ = 1) at t∗ = 0, with strongly temperaturedependent viscosity [𝜃 =15 (Δ𝜂 ∼ 3.3 × 106 )]. The Rayleigh number is set to 3 × 108 , the bottom boundary is insulating,
and there is no internal heating. (a–c) Temperature snapshots at the time instants indicated. (d) Surface heat ﬂux
(black) and average internal temperature (blue) as a function of time. (e) Covariation of surface heat ﬂux and average
temperature (solid) is compared with the steady state scaling of Solomatov and Moresi [2000] (red dotted)
(equations (18) and (19)).

where 𝜃i = 𝜃Ti∗ , and temperature is normalized by ΔT . This scaling is based on the internal temperature Ti∗ ,
but it can be shown (see Appendix B) that the average temperature, which includes the contribution from the
cold boundary layer, is related to the internal temperature as
∗
Tave

Ti∗

=

1 − 𝛿 + 𝛿 2 ∕3
,
1 − 𝛿∕2

where 𝛿 is the nondimensional thickness of the stagnant lid, which is given by 1 −

(19)
√

1 − 2∕Nu.

In the ﬁrst example, an initially uniformly hot ﬂuid (with T ∗ = 1) is cooled down from the top (Figure 4). The
model setting is nearly identical to those shown in Figures 1g and 1i, with the insulating bottom boundary,
𝜃 =15 (Δ𝜂 ∼ 3.3×106 ), and Ra=3×108 . The only diﬀerence is that there is no internal heating, i.e., H∗ = 0, so the
system is simply cooling down with time (Figure 4d). Each snapshot, however, looks very similar to steady state
solutions for stagnant lid convection with purely internal heating, and indeed, the relation between surface
heat ﬂux and average temperature follows very closely the steady state scaling [equation (18)] (Figure 4e). The
deviation from the scaling is seen when surface heat ﬂux is greater than ∼10, which corresponds to the initial
phase in which heat is transported mostly by conduction. As soon as the system starts to convect vigorously,
it follows the steady state scaling for purely internal heating. There is no internal heating in this instantaneous
cooling simulation, so all of surface heat ﬂux originates in secular cooling. In other words, secular cooling
serves as eﬀective internal heating.
The Urey ratio measures the contribution of radiogenic heat production to surface heat ﬂux [Christensen,
1985a] and is given by
H∗
Ur = ∗ .
(20)
qt
In the instantaneous cooling simulation shown in Figure 4, the Urey ratio is always 0 because H∗ = 0, whereas the
internal heating ratio 𝜉 , if calculated at each time instant, would always be unity. When a system is cooling, the
relation between the (instantaneous) heating mode and the amount of radiogenic internal heating becomes
less obvious because of secular cooling.
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The Earth’s mantle always contains some amount of radioactive isotopes. As a slightly more realistic example,
consider next a system in which internal heating decays as
H∗ (t∗ ) = H0∗ exp (−𝜆∗ t∗ ) = H0∗ exp(−t′ ),

(21)

where 𝜆∗ is the nondimensional decay constant and t′ is the reduced time deﬁned as 𝜆∗ t∗ . One reduced time
corresponds to the e-folding timescale for internal heat production. When the total surface heat ﬂow is greater
than the total internal heat production, a system should cool down, which in turn reduces surface heat ﬂux
(at least for the case of stagnant lid convection with no basal heating as considered here). But internal heating
is also decreasing, and how closely surface heat ﬂux can follow internal heating depends on how sensitive the
heat ﬂux is to changes in internal temperature [Tozer, 1972]. To quantify this, Korenaga [2016] introduced the
Tozer number, which is deﬁned as
Tz =

dq∗ 1
.
∗ 𝜆∗
dTave

(22)

A system with a higher Tozer number (>1) can achieve a thermal equilibrium more easily.
For the second example, the steady state solution shown in Figure 1i is used as the initial condition. The initial internal heat production H0∗ is 6, and the average temperature is initially ∼0.8. According to the heat ﬂow
∗
scaling of Solomatov and Moresi [2000], dq∗ ∕dTave
is ∼17 around this temperature for Ra of 3 × 108 and 𝜃
of 15. Figure 5 compares four cases with diﬀerent Tozer numbers. When the Tozer number is as high as 30
(corresponding to very slowly decaying heat production), surface heat ﬂux follows very closely the decaying
internal heat production, but as the Tozer number decreases, the system moves away from such a thermal
equilibrium (Figure 5a). In the absence of bottom heat ﬂux, it can be shown that, when Tz > 1, the Urey ratio
converges to 1−Tz−1 , and when Tz ≤ 1, it converges to 0 [Korenaga, 2016]. The numerical results are consistent
with this theoretical prediction (Figure 5b). Again, because the bottom boundary is insulating, the instantaneous internal heating ratio is always unity, but a range of the Urey ratio is possible. There is no unique relation
between surface heat ﬂux and internal heat production. Doubling internal heat production, for example, does
not necessarily lead to doubling surface heat ﬂux, though such an expectation is not uncommon in the literature [e.g., Rüpke et al., 2004; Hopkins et al., 2008]. Likewise, there is no unique relation between internal
temperature and internal heat generation. The internal temperature at any time depends on the history of
energy balance up to that point (Figure 5c). There exists, however, a simple relation between internal temperature and surface heat ﬂux; as seen in Figure 5d, all cases considered fall on the steady state scaling for purely
internal heating (equation (18)).
2.4. Connection to Geochemistry
Most of radiogenic heating in the mantle is provided by the decay of 235 U, 238 U, 232 Th, and 40 K, and geodynamical studies often rely on the geochemical literature for a reasonable range of radiogenic heat production.
Certain conventions in geochemistry, however, may not be transparent to geophysicists, and as a result, geochemical constraints on heat production are sometimes quoted incorrectly, with nontrivial consequences.
Thus, essential jargon related to this issue will be explained ﬁrst in the following.
Figure 6a depicts genetic relations among conceptual geochemical Earth models. In geochemistry, it is common to assume that the bulk composition of the Earth is identical to, or very close to, that of carbonaceous
chondrites, except for volatile elements, which could have been lost to space during high-energy planetary
accretion processes. The primordial Earth is a hypothetical Earth in which no chemical diﬀerentiation has
taken place. Core diﬀerentiation decomposes the primordial Earth into the primitive mantle and the core. The
primitive mantle is also called the bulk silicate Earth and is parental to all silicate reservoirs in the presentday Earth. The chemical composition of the primitive mantle has been estimated by a variety of methods
[e.g., Jagoutz et al., 1979; Hart and Zindler, 1986; McDonough and Sun, 1995; Allegre et al., 2001; Palme and O’Neill,
2003; Lyubetskaya and Korenaga, 2007a; Korenaga, 2009b], though many of them share similar assumptions.
The concentration of heat-producing isotopes in the primitive mantle is higher than that in the primordial
Earth by ∼2, because those isotopes are mostly partitioned into the silicate mantle during core diﬀerentiation.
Note that potassium is a volatile element, and its concentration in the primordial Earth is likely to be much
lower than that in carbonaceous chondrites. The primitive mantle is a hypothetical concept and is not
required to exist at any time in the Earth history. A certain amount of crustal material has probably existed all
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Figure 5. Summary of convection simulations with decaying heat production. The initial temperature ﬁeld is taken from
the steady state solution shown in Figure 1i. The Rayleigh number Ra is 3 × 108 , the Frank-Kamenetskii parameter 𝜃
is 15 (Δ𝜂 ∼ 3.3 × 106 ), and the bottom boundary is insulating. The heat production follows equation (21) with H0∗ of 6
(dashed curve in Figure 5a). (a) Surface heat ﬂux, (b) Urey ratio, and (c) average internal temperature are shown as a
function of the reduced time t′ . Four values of the Tozer number are tested: 1 (blue), 3 (green), 10 (orange), and 30 (red).
(d) The relation between the average temperature and heat ﬂux. Gray dashed curve in Figure 5d is the steady state
scaling of Solomatov and Moresi [2000] (equations (18) and (19)). Gray dashed curve in Figure 5c is the equilibrium
average temperature corresponding to the heat ﬂux based on this scaling. What is varied among these four cases is
∗ )∕Tz (equation (22)) with dq∗ ∕dT ∗ of 17 (an average value
the decay constant 𝜆∗ , which is calculated as (dq∗ ∕dTave
ave
over the temperature range of ∼ 0.7 –0.8); for the case of Tz of 10, for example, 𝜆∗ is set to 1.7. Because the steady state
∗ varies around this assumed value as T ∗ evolves, so the actual Tozer number
heat ﬂow scaling is not linear, dq∗ ∕dTave
ave
of each case also deviates slightly from the value used to calculate 𝜆∗ .

the time, but the concept of the primitive mantle is useful when considering the silicate component of the
Earth as a whole.
Crust-mantle diﬀerentiation throughout the Earth history has resulted in the present-day Earth, in which the
primitive mantle is decomposed into the depleted mantle and the continental crust (Figure 6a). The continental crust is highly enriched in trace elements including heat-producing isotopes, so the extraction of the
continental crust from the primitive mantle has left a mantle that is more depleted in those trace elements.
Note that in this framework of global crust-mantle diﬀerentiation, the oceanic crust is usually considered as
part of the depleted mantle, as subduction continuously recycles the oceanic crust into the mantle.
The depleted mantle represents the present-day convecting mantle as a whole, but geochemical data indicate
that the mantle is compositionally highly heterogeneous [e.g., Zindler and Hart, 1986; Hofmann, 1997; van
Keken et al., 2002], and one popular notion is that the present-day mantle is divided into at least two layers
(Figure 6a); the shallow and deep layers serve as sources for, respectively, mid-ocean ridge basalt (MORB) and
ocean-island basalt (OIB). The MORB source mantle is generally more depleted in trace elements than the OIB
source mantle. Table 1 lists several composition models and corresponding heat generation rates.
Under the assumption that the Earth is made from chondritic materials, the total amount of heat-producing
isotopes in the whole Earth stays “chondritic” throughout internal diﬀerentiation processes. Once we decide
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Figure 6. (a) Earth evolution through chemical diﬀerentiations. The primordial Earth evolves to the primitive mantle
and the core upon core segregation, and the primitive mantle further evolves to the continental crust and the depleted
mantle by crust-mantle diﬀerentiation. The depleted mantle denotes the present-day convecting mantle as a whole,
and it is often decomposed further into the MORB source mantle and the OIB source mantle. There are quite a few
composition models, and the concentration of heat-producing elements shown here is just an example. The primordial
Earth composition is taken from the CI chondrite composition of McDonough and Sun [1995], the primitive mantle
composition from Lyubetskaya and Korenaga [2007a], the continental crust composition from Rudnick and Gao [2003],
and the MORB source composition from Salters and Stracke [2004]. The OIB source composition is calculated by mass
balance assuming that it occupies 20% of the mantle mass. All of these concentrations come with relatively large
uncertainties, which are omitted here for simplicity. (b) Schematic representation of the present-day situation
according to the model of Turcotte and Schubert [2014], to be compared with the geochemical models shown in
Figure 6a. (c) Schematic drawing to denote various components in the thermal budget of the Earth. Qcc is surface
heat ﬂow from continental regions, Qom is surface heat ﬂow from oceanic regions, Qcm is heat ﬂow from the
subcontinental mantle, Hcc is heat production within the continental crust, Hm is heat production within the mantle,
Sm is heat ﬂow due to the secular cooling of the mantle, Qc is core heat ﬂow, and Sc is heat ﬂow due to the secular
cooling of the core (including the eﬀect of inner core growth). The possible presence of heat-producing elements
in the core is neglected here for simplicity.

on composition models for the primitive mantle and the continental crust, therefore, we can calculate the
composition of the depleted mantle by simple mass balance. Also, the compositions and mass fractions of
the MORB source mantle and the OIB source mantle are such that they should add up to the composition of
the depleted mantle. On the other hand, it is diﬃcult to justify using the radiogenic heat generation of the
primitive mantle for the convecting mantle; a substantial fraction of the present-day continental mass existed
during most of the Earth history [e.g., Campbell, 2003; Harrison, 2009], so such use of the primitive mantle is
inconsistent with the chondritic assumption (see Lyubetskaya and Korenaga [2007b, section 3.4] for further
discussion).
Table 1 includes a “geophysical” estimate by Turcotte and Schubert [2014], which they call the “reference
undepleted mantle.” This geophysical estimate has been in their textbook since its ﬁrst edition [Turcotte and
Schubert, 1982], and it has been referred to in a number of geodynamical studies. Because it is not compatible
with any geochemical estimates, however, it requires some explanation. They started with the present-day
surface heat ﬂow of 44.3 TW, subtracted the contribution of heat production within the continental crust,
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Table 1. Mantle Composition Models and Heat Production
Authors

Model

U (ppb)

Th (ppb)

K (ppm)

H (10−12 W kg−1 )

McDonough and Sun [1995]

Primitive mantle

20.3

79.5

240

4.92

Lyubetskaya and Korenaga [2007a]

Primitive mantle

17.3

62.6

190

4.01

Turcotte and Schubert [2014]

“Reference undepleted mantle”

31

124

310

7.38

Salters and Stracke [2004]

MORB source mantle

4.7

13.7

60

1.03

Workman and Hart [2005]

MORB source mantle

3.2

7.9

50

0.69

This studya

Depleted mantle

9.7

30

102

2.09

This studyb

OIB source mantle

30

92

270

6.31

a Based on mass balance using the primitive mantle composition of Lyubetskaya and Korenaga [2007a]; the continental

crust with 1.3 ppm U, 5.6 ppm Th, and 1.5 wt % K [Rudnick and Gao, 2003]; and the continental crustal mass of 2.37 ×
1022 kg.
b Based on the above mass balance with the additional assumption that the MORB source mantle of Salters and Stracke
[2004] occupies 80% of the mantle mass.

which was assumed to be 7.4 TW, and obtained the convective heat ﬂow of 36.9 TW. They further assumed
that secular cooling contributed only 20% of the convective heat ﬂow, so the present-day radiogenic heat
generation should account for 29.5 TW. The geochemistry of a wide variety of igneous rocks indicates that the
ratios of K/U and Th/U are relatively constant as 1 × 104 and 4, respectively [e.g., Wasserburg et al., 1964; Gale
et al., 2013]. So if the U concentration in the mantle is 31 ppb, the K and Th concentrations would be 310 ppm
and 124 ppb, respectively, and the mantle heat production would match 29.5 TW. This is how their model of
reference undepleted mantle was derived. The estimate given by the ﬁrst edition Turcotte and Schubert [1982]
is slightly diﬀerent because a diﬀerent value was used for the total heat ﬂow, but the overall logic is the same.
Also, the description of mantle heat production in Schubert et al. [2001, section 4.1.5] is the same as that in
Turcotte and Schubert [2014].
Their assumption that 80% of the present-day convective heat ﬂow comes from current radiogenic heat production, i.e., Ur is 0.8 at present, is based on classical models for the thermal evolution of the Earth [e.g., Schubert
et al., 1980; Davies, 1980], the validity of which has become increasingly questionable [e.g., Korenaga, 2008a;
Bradley, 2008; Herzberg et al., 2010; Padhi et al., 2012; Condie et al., 2015] (see also section 3.1). When using the
reference undepleted mantle model of Turcotte and Schubert [2014] (H = 7.38 × 10−12 W kg−1 ) for the presentday convecting mantle, it should be understood that the assumed heat production is ∼350% of what is considered reasonable by the geochemical community (i.e., H = 2.09 × 10−12 W kg−1 for the depleted mantle). The
term “undepleted” in the reference undepleted mantle of Turcotte and Schubert [2014] is used to indicate that
it refers to the source mantle before melting beneath mid-ocean ridges. That is, it is undepleted with respect
to the extraction of oceanic crust. But the present-day convecting mantle is already depleted with respect
to the extraction of continental crust, and the reference undepleted mantle of Turcotte and Schubert [2014]
should be compared with the depleted mantle, not with the primitive mantle (compare Figures 6a and 6b).
Various components in the thermal budget of the Earth are illustrated in Figure 6c. The total surface heat ﬂow
is the sum of oceanic and continental contributions, i.e., Qom + Qcc . The continental heat ﬂow is the combination of heat production within the continental crust, Hcc , and heat ﬂow from the subcontinental mantle, Qcm ,
i.e., Qcc = Hcc + Qcm . The total convective heat ﬂow is given by Qom + Qcm . The present-day (instantaneous)
internal heating ratio is
𝜉=

Qom + Qcm − Qc
H m + Sm
=
,
Qom + Qcm
Qom + Qcm

(23)

where Qc is core heat ﬂow, Hm is radiogenic heating in the mantle, and Sm is the secular cooling of the mantle.
All of these quantities represent the present-day values. The core heat ﬂow originates in the secular cooling
of the core, so Qc = Sc . The present-day Urey ratio is given by

Ur =
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The present-day convective heat ﬂow, Qom + Qcm , is estimated to be ∼38 TW [Korenaga, 2008b], and if we
use the heat production of the depleted mantle listed in Table 1 (2.09 × 10−12 W kg−1 ), Hm would be ∼8.4 TW,
so Ur ∼ 0.22. On the other hand, using the present-day core heat ﬂow of ∼5–15 TW [Lay et al., 2008], the
internal heating ratio 𝜉 would be 0.61–0.87. How much internal heating we need to use in convection simulations depends on a chosen modeling strategy. If we aim to use steady state solutions as snapshots for
the present-day situation, internal heating should be suﬃciently high so that the above internal heating
ratio can be reproduced. The amount of internal heating used in such steady state modeling has nothing to
do with the actual concentration of radioactive isotopes. However, if instead we are to model the temporal
evolution of the mantle directly, it is better to have the amount of internal heating consistent with the geochemical models of mantle composition. When using geochemically consistent internal heating, it becomes
particularly important to take into account the eﬀect of model geometry, as discussed in the next section.
2.5. Convection in a Spherical Shell
All numerical examples shown so far are with the two-dimensional (2-D) Cartesian geometry. As far as the
heating mode is concerned, there is no essential diﬀerence between 2-D and 3-D Cartesian cases, and what we
have learned from these 2-D examples is equally applicable to 3-D Cartesian cases. Mantle convection, however,
takes places in a spherical shell, and the spherical geometry has some important eﬀects on convection with
internal heating.
For convection in a spherical shell, the top heat ﬂux is not the same as the bottom heat ﬂux even when H∗ is
0, because the area is greater for the top surface. The system is cooled more eﬃciently from the above, and
even when viscosity is spatially uniform and heating is purely basal, the convection system does not exhibit a
symmetric thermal structure [e.g., Bercovici et al., 1989]. Note that equations (13) and (14) still hold if the heat
ﬂuxes are replaced with total heat ﬂows from relevant surfaces and the heat production with the total heat
production from the entire ﬂuid.
With the same amount of internal heating and the same bottom Rayleigh number, convection in a spherical
shell tends to result in a lower internal temperature than that in a Cartesian box [O’Farrell and Lowman, 2010].
If one tries to simulate the temporal evolution of the mantle using a geochemically acceptable amount of
internal heating, therefore, using the spherical geometry becomes important. Even if the amount of internal
heating is geochemically reasonable, modeling with the Cartesian geometry would lead to a higher internal
heating ratio than that with the spherical geometry, because cooling from the above is more reduced in the
former. To simulate the temporal evolution of the mantle with the Cartesian geometry, one has to scale down
the amount of internal heating to emulate the spherical geometry, but how to scale down has been studied
only for simple viscosity models: constant viscosity [O’Farrell and Lowman, 2010] and depth-dependent viscosity [O’Farrell et al., 2013]. Emulating convection in a spherical shell with the Cartesian geometry thus remains
a challenge for more realistic mantle rheology. One might as well opt for just modeling with the spherical
geometry, but directly simulating the long-term evolution of the Earth using realistic mantle rheology is still
computationally demanding for 3-D models, given that mantle convection in the early Earth is likely to be
characterized by very high Rayleigh numbers (109 – 1011 [Korenaga, 2010a]).
We can also study the temporal evolution of the mantle from the perspective of global energy balance
(e.g., section 3.1), and in this case, the eﬀect of spherical geometry can be handled more easily. The thermal
evolution of the mantle is controlled by the balance of surface heat ﬂux, core heat ﬂux, and internal heating.
The surface heat ﬂux is usually modeled as a function of internal temperature, for which a steady state heat
ﬂux scaling with purely internal heating (e.g., equation (18)) is commonly used [e.g., Grasset and Parmentier,
1998; Fraeman and Korenaga, 2010]. The core heat ﬂux can be parameterized as a function of the temperature
jump at the core-mantle boundary as well as the viscosity of the lowermost mantle [e.g., Stevenson et al., 1983].
These parametrizations are equivalent to assuming that heat ﬂuxes from the top and bottom boundaries
are controlled solely by the local instability of relevant boundary layers [e.g., Howard, 1966], and when the
Rayleigh number is high enough, i.e., the system is vigorously convecting, this assumption appears to be valid
even with complex mantle rheology [e.g., Korenaga, 2009a, 2010a]. For high Rayleigh number convection,
a boundary layer is substantially thinner than the whole system, so the eﬀect of sphericity is limited for its
instability, as the radius of curvature does not vary much across the boundary layer. The consideration of
spherical geometry enters into the global energy balance only as diﬀerent surface areas for the top and
bottom boundaries; i.e., surface and core heat ﬂuxes as parametrized above have to be multiplied with relevant surface areas to yield total surface and core heat ﬂows. Thus, if the parameterization of surface heat ﬂux
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can be decoupled from that of core heat ﬂux, scaling laws established with the Cartesian geometry and with
purely internal heating are still useful. The degree of possible coupling between these heat ﬂuxes, however,
has not been systematically investigated, and future studies are warranted on this important issue.

3. On the Eﬀects of Higher Heat Production in the Past
The amount of radiogenic heat production was higher in the past than at present, because the heat is produced by radioacive decay, which means a greater abundance of relevant radioactive isotopes in the past.
Also, the Earth’s interior was most likely hotter in the past, because there is not enough internal heating to fully
compensate for surface heat loss (at least at present; section 2.4). A hotter interior in the past, however, does
not necessarily require higher heat production in the past (section 2.3). Similarly, higher heat production does
not necessarily indicate more vigorous convection, though such a causal relation may be intuitively appealing.
To help the reader to better understand the materials so far covered in a geological context, I discuss the
following two questions: (1) did higher heat production result in higher surface heat ﬂow in the past? and (2)
did higher heat production lead to lower convective stress in the past? Both questions are directly related to
mantle convection with internal heat production, with important implications for the long-term evolution of
the Earth.
3.1. Was Surface Heat Flow Higher in the Past?
As indicated in section 2.3, surface heat ﬂux can be a function of internal temperature; that is, under certain
conditions, surface heat ﬂux can be uniquely speciﬁed for a given internal temperature (e.g., Figure 5d). No
unique relation, however, can be expected between internal temperature and internal heat production and
between surface heat ﬂux and internal heat production. This has already been noted in section 2.3 but in a
rather abstract manner using the Tozer number. Also, in the particular example shown in Figure 5a, surface
heat ﬂux q∗ decreases steadily with time, for a range of the Tozer number. Despite the nonunique relation
between internal heat production and surface heat ﬂux, therefore, it may give an impression that surface heat
ﬂow on the Earth should nevertheless be higher in the past than at present.
The relation between surface heat ﬂux and internal heating is not so straightforward as the simple example
implies, and to illustrate this point, I discuss two contrasting models proposed for the thermal evolution of
the Earth. Consider the global energy balance for the mantle [e.g., Stevenson et al., 1983], which may be
expressed as
Cm

dTp
dt

= H(t) − Q(t) + Qc (t),

(25)

where Cm is the heat capacity of the entire mantle, Tp is the potential temperature of the mantle, H is the total
radiogenic heating in the convecting mantle, Q is the convective heat loss at the surface, and Qc is the heat
ﬂow from the core. The Urey ratio is given by H∕Q, and the internal heating ratio is by (Q − Qc )∕Q. The secular evolution of the mantle temperature may be calculated by integrating this equation backward in time,
starting from the present. The mantle heat capacity Cm is 4.97 × 1027 J K−1 [Stacey, 1981], the present-day
potential temperature Tp (0) is ∼1350∘ C [Herzberg et al., 2007], and the present-day convective heat ﬂow Q(0)
is ∼38 TW [Korenaga, 2008b]. As mentioned in section 2.4, the present-day core heat ﬂow is only broadly estimated as ∼5–15 TW [Lay et al., 2008], and there is no robust observational constraint on its temporal variation
[e.g., Smirnov et al., 2016]. It would be most self-consistent to solve equation (25) in conjunction with a similar
equation for the core, but for the sake of simplicity, the core heat ﬂow is assumed here to vary linearly from
15 TW at 4.5 Ga to 10 TW at present. Such a cooling history of the core is among plausible solutions for a more
complete coupled core-mantle evolution model [O’Rourke et al., 2017]. With Qc (t) ﬁxed this way, equation (25)
can be solved by specifying how H(t) and Q(t) should vary with time. Calculating the evolution of H(t) is
straightforward once we decide on the abundance of heat-producing elements in the mantle. There is not
much disagreement on the relative abundance of those elements (i.e., K/U and Th/U), thus on the relative
temporal evolution of internal heating, H(t)∕H(0). The absolute abundance of heat-producing elements can
be represented succinctly by the present Urey ratio, Ur(0) [= H(0)∕Q(0)], and its geochemically acceptable
value is ∼0.2–0.3 (section 2.4; see also Korenaga [2008a]).
What remains is the surface heat ﬂow Q(t), which is usually calculated through the relation between convective heat ﬂux and mantle temperature, i.e., Q(Tp (t)), and this relation, the so-called heat ﬂux scaling, has been
debated since the mid-1980s [e.g., Christensen, 1985a; Gurnis, 1989; Solomatov, 1995; Conrad and Hager, 1999;
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Figure 7. (a) Two heat ﬂow scaling laws used for thermal evolution modeling: classical (dashed) and constant heat
ﬂow (solid). See Korenaga [2013] for further details. (b) The evolution of mantle potential temperature with constant
heat ﬂow and Ur(0) of 0.22 (solid) and with the classical scaling and Ur(0) of 0.652–0.653 (dashed). Solid circles denote
petrological estimates on past potential temperature [Herzberg et al., 2010]. B.P. denotes “before present.” (c) The
evolution of surface heat ﬂow (green) and radiogenic heating (red) for the classical heat ﬂow scaling. (d) Same as
Figure 7c but for the constant heat ﬂow scaling. (e) The evolution of Urey ratio. (f ) The evolution of the internal
heating ratio.

Korenaga, 2003, 2010a]. A hotter mantle in the past has long been assumed to convect more vigorously with
higher surface heat ﬂow [e.g., Davies, 1980; Schubert et al., 2001], and such scaling is labeled as “classical” in
Figure 7a. This scaling is based on the Nu-Ra relation of isoviscous convection, combined with the temperature
dependence of mantle viscosity. One practical problem with this classical scaling is that it requires an excessive
amount of radiogenic heat production in the mantle (Ur(0) ∼ 0.65), much more than implied by geochemistry,
to reproduce a geologically reasonable thermal history (Figure 7b). If we use a geochemically reasonable value
of ∼0.2–0.3 instead, the classical scaling is known to result in a highly divergent solution widely referred to
as the “thermal catastrophe” case [Christensen, 1985a] (see Korenaga [2013, section 2.3] for a brief summary
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on this issue). Also, thermal evolution modeling with the classical scaling is known to exhibit an extreme sensitivity to the assumed value of Ur(0) (compare curves labeled 0.652 and 0.653 in Figure 7b). The origin of
this sensitivity can be traced to the “self-regulation” or high Tozer number achieved by the classical scaling
[Tozer, 1972; Korenaga, 2016]. With an increasing Tozer number, the system evolution becomes more independent of its initial state, so a wide range of initial states can converge to an identical present-day state.
When integrating the energy balance equation backward in time, this convergence forward in time emerges
as divergence backward in time.
In contrast, if one considers the eﬀect of melting beneath mid-ocean ridges on mantle viscosity, a hotter mantle does not necessarily convect faster, and the surface heat ﬂow could become virtually insensitive to the
internal temperature [Korenaga, 2003, 2011]. This possibility is represented by the constant heat ﬂux scaling
in Figure 7a. The virtue of this scaling is that it can reproduce a reasonable thermal history without violating
geochemical constraints, and furthermore, a reconstructed thermal history is consistent with the cooling history of the upper mantle inferred from igneous petrology [Herzberg et al., 2010] (Figure 7b). The high Urey ratio
that is required for the use of classical scaling means a minor role of secular cooling, so high Urey ratio models
are generally unable to reproduce the cooling rate of ∼100 K Gyr−1 as suggested by Herzberg et al. [2010].
Even in the classical model, surface heat ﬂow is not always higher in the past; its temporal variation is very
sensitive to the assumption on the amount of internal heat production (Figure 7c). In the model of the constant heat ﬂow, surface heat ﬂow in the past is identical to the present-day value by assumption (Figure 7d).
However, because this model is consistent with the secular cooling trend as well as the geochemical budget
on internal heat production, it may also be said that surface heat ﬂow in the past should not be very diﬀerent
from the present-day value in order to satisfy these observational constraints.
The evolution of the Urey ratio is shown in Figure 7e and that of the internal heating ratio in Figure 7f, for both
of these two models. For the classical model, the temporal behaviors of the Urey ratio and the internal heating ratio are similar; they are nearly constant before divergence at ∼3 Ga. For the constant heat ﬂow model,
however, their behaviors are opposite; the Urey ratio is higher in the past because radiogenic heat production was higher, but the internal heating ratio is lower in the past because eﬀective heat production including
secular cooling is lower.
3.2. Was Convective Stress Lower in the Past?
As indicated in the previous section, higher internal heating does not always result in higher heat ﬂow for
two reasons: (1) higher internal heating does not guarantee higher internal temperature (Figure 7b), and (2)
higher internal temperature does not necessarily mean higher heat ﬂow (Figure 7a; note that the constant
heat ﬂow scaling is a good approximation to a more realistic scaling with the eﬀect of water on the evolution
of mantle viscosity [Korenaga, 2011]). Whereas the ﬁrst statement is a simple consequence of global energy
balance, the second one entails a long-standing debate over the heat ﬂux scaling of mantle convection. As
far as the thermal evolution of the Earth is concerned, this debate has long been about the scaling of plate
tectonics, because the thermal history of the Earth is commonly studied with a single heat ﬂux scaling Q(Tp ).
The use of just one scaling is equivalent to assuming that plate tectonics has been in operation for the duration
under consideration (e.g., 4.5 Gyr in Figure 7). This is, however, an unwarranted assumption, given that the
onset of plate tectonics in the Earth history has been hotly debated in recent years [e.g., Condie and Kröner,
2008; Korenaga, 2013]. The mode of mantle convection may have been diﬀerent in the past [e.g., Stern, 2005;
O’Neill et al., 2007; Silver and Behn, 2008; Arndt and Davaille, 2013], and this is one of the outstanding problems
in mantle dynamics, with a close connection to exoplanetary research [e.g., Valencia et al., 2007; O’Neill and
Lenardic, 2007; Korenaga, 2010b; van Heck and Tackley, 2011]. It is also a diﬃcult problem to tackle, involving
complex mantle rheology, the sensitivity to initial conditions, and time-varying boundary conditions [e.g.,
Stein et al., 2013; Weller et al., 2015; O’Neill et al., 2016], most of which are still poorly understood. Considering
such a multitude of controlling factors, it is desirable to have a clear understanding of elementary processes,
as it may help us to better interpret the outcome of complex models. In this spirit, I take a close look at one
particularly popular notion among these studies: Higher internal production results in lower convective stress
and thus tends to prevent the operation of plate tectonics [e.g., Stein et al., 2004; O’Neill et al., 2007; Stein et al.,
2013; Weller et al., 2015].
The study of Stein et al. [2004] was the ﬁrst to investigate the inﬂuence of internal heating on the mode of
convection, and a physical explanation for this inﬂuence was sought by O’Neill et al. [2007], using numerical simulations of stagnant lid convection. O’Neill et al. [2007] found that convective stress, which is reﬂected
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Figure 8. Temperature snapshots of stagnant lid simulation with the total viscosity contrast of 105 and the bottom Rayleigh number of 107 and with internal
heating of (a) 0, (b) 1.5 × 10−11 W kg−1 (H∗ = 2.78), and (c) 3 × 10−11 W kg−1 (H∗ = 5.56). (d) Horizontally averaged temperature proﬁles for these three cases,
H = 0 (blue), H = 1.5 × 10−11 W kg−1 (green), and H = 3 × 10−11 W kg−1 (red). (e–g) Snapshots of stagnant lid convection with purely internal heating (i.e., with
an insulated bottom). The amount of internal heating is adjusted so that each case reproduces the internal temperature (and also the internal Rayleigh number)
of the case shown above, which may be veriﬁed by comparing Figures 8d and 8h. Horizontally averaged stress proﬁles are shown (i) for the cases of Figures 8a
(blue) and 8c (red), and (j) for the cases of Figures 8e (blue) and 8g (red). Solid and dashed curves denote, respectively, results with rigid and free-slip boundary
conditions, and the one with rigid boundary condition is most relevant to the yielding of lithosphere [Solomatov, 2004]. (k) Maximum lid stress as a function of
internal temperature for the cases of the ﬁxed bottom temperature (solid circles) and the insulated bottom (open circles). Note that internal temperature, as
opposed to internal heating, has to be used here to compare these two cases. Dashed line denotes prediction based on the stress scaling of Solomatov [2004],
which is applicable to convection with purely internal heating. The stress prediction is not accurate enough to match the amplitude of numerical results, and a
factor of 1/3 is multiplied here.

in lithospheric stress, decreased as internal heating increased, and they reasoned as follows. With greater
internal heating, the mantle is hotter, and mantle viscosity is lower. Even though a hotter mantle convects
more vigorously, the eﬀect of lower viscosity dominates, resulting in a negative correlation between internal
heating and convective stress. A set of stagnant lid simulations conducted by O’Neill et al. [2007] are reproduced in Figures 8a–8d. Here the top and bottom boundaries used free-slip conditions. A temperature scale
ΔT of 2000 K was used, and the normalized temperature was ﬁxed to 0 at the top and 1 at the bottom.
The Frank-Kamenetskii parameter 𝜃 was 11.5 (Δ𝜂 ∼ 105 ). The bottom Rayleigh number was set to 107 for all
simulations. All models were run long enough to reach a statistically steady state. Lithospheric stress indeed
decreases with increasing heat production (Figure 8k; cf. Figure 3 of O’Neill et al. [2007]).
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It can also be seen, however, that the heating mode varies from purely basal heating (H = 0) to virtually
purely internal heating (H = 3 × 10−11 W kg−1 ). As the internal temperature increases with higher internal
heating, therefore, the bottom thermal boundary layer (and upwelling from it) also diminishes. To quantify the
inﬂuence of the bottom boundary layer, I also constructed corresponding purely internal heating cases with
the same internal temperatures and the same internal Rayleigh numbers but without a bottom boundary layer
(Figures 8e–8h). As seen in Figures 8i–8k, the strong dependence of convective stress on internal heating is
caused mostly by variations in the bottom boundary layer; variations in the internal temperature have only
minute inﬂuence on lithospheric stress, which is also consistent with the stress scaling of Solomatov [2004]
(Figure 8k). A correct interpretation of the negative correlation between internal heating and convective stress
would thus be the following: diﬀerent heating modes, or varying contributions from the bottom boundary
layer, could inﬂuence the magnitude of lithospheric stress.
To quantify the relative magnitude of convective stress in the past, therefore, we need to know how the heating mode of actual mantle convection has changed through time. It depends not only on internal heating
of the mantle but also on other components of the global thermal budget, such as the secular evolution of
surface heat ﬂow and core heat ﬂow. As indicated by the thermal evolution models considered in the previous
section (Figure 7f ), the internal heating ratio in the past is not necessarily higher than the present-day value.
The case with the classical scaling shows that the ratio is higher in the past (at least back to ∼2 Ga), and this
is because the temporal variation of surface heat ﬂow outweighs that of the assumed core heat ﬂow. In contrast, the case with the constant heat ﬂow scaling shows the opposite trend, because the surface heat ﬂow is
constant while the core heat ﬂow is higher in the past. These temporal variations of the internal heating ratio
can be modiﬁed by using diﬀerent assumptions for core heat ﬂow, but the following two points would likely
remain valid. First, the degree of the increase seen with the classical scaling is only modest before the corresponding thermal evolution starts to diverge. Second, with the constant heat ﬂow scaling, or more generally
with low Urey ratio models, a higher internal heating ratio in the past is possible only when the core heat ﬂow
is lower in the past.

4. Concluding Remarks
The mantle of the Earth (and probably of other terrestrial planets as well) is heated from below and within.
It may thus seem most appropriate to use mixed heating when modeling mantle convection, but doing it
correctly is not a trivial task. In the following, the main points discussed in this paper are summarized as pitfalls,
together with my suggestions for how to avoid them.
1. Using the realistic concentration of heat-producing elements for internal heating does not necessarily produce a realistic simulation of mantle convection, even with a spherical geometry. On the contrary, it will
most likely fail to reproduce the heating mode of actual mantle convection if the simulation is run to obtain
a steady state solution. For steady state solutions, the eﬀect of secular cooling has to be taken into account
as additional internal heating.
2. For transient solutions, using a geochemical estimate on radiogenic heat production, after properly scaled
to an adopted model geometry, becomes important, although a clear understanding of the meaning of
the diﬀerent geochemical models is needed. A “chondritic” heat production by itself does not carry much
information, because most geochemical models are based on the chondritic assumption. Using the primitive mantle model for the convecting mantle neglects that nearly half of the heat-producing elements in
the Earth are contained presently in the continental crust. Also, note that using the reference undepleted
mantle model of Turcotte and Schubert [2014] is equivalent to exceeding geochemical constraints by more
than a factor of 3.
3. For mixed heating, it is still diﬃcult to predict the internal temperature and the internal heating ratio a
priori, so it is important to always measure them to see if simulation results meet expectations. This is especially true when conducting a series of simulations to understand the sensitivity of a certain convection
diagnostic (e.g., average surface velocity and surface heat ﬂux) to model parameters. When conducting a
control experiment, one should aim to change only one variable at a time and bear in mind that changing
one model parameter does not always change just one variable. Changing the amount of internal heat production while ﬁxing all other model parameters, for example, usually leads to changing two variables, the
internal temperature and the internal heating ratio.
4. With mixed heating, only a certain fraction of the total temperature scale is contained in the top boundary layer, so when using temperature-dependent viscosity, only a fraction of the total viscosity contrast is
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represented by the top boundary layer. This viscosity contrast across the top boundary layer is most relevant
to the strength of surface plates and thus important for the mode of mantle convection.
5. Diﬀerent internal heating ratios imply that the relative importance of the top and bottom boundaries can
vary among simulations. Boundary layer instabilities are what drives convection, so when reporting simulation results with mixed heating, it is important to include the internal heating ratio along with the
internal temperature. Otherwise, it is diﬃcult to evaluate the relevance of simulated convection to planetary
evolution.
6. It is often advisable to start with simulations with purely internal heating and then investigate the eﬀect of
mixed heating using the cases of purely internal heating as a reference. Even with purely internal heating,
it is still diﬃcult to predict the internal temperature a priori when a complex viscosity function is employed,
but purely internal heating is considerably easier to handle because the internal heating ratio is always unity
and the top boundary layer carries all of the temperature and viscosity contrasts.
7. Not all simulation results with mixed heating can necessarily ﬁnd their direct application to planetary evolution, because a realistic range of the internal heating ratio is determined by the thermal evolution of a
planet. In particular, the thermal evolution of the Earth is a complex subject, requiring us to digest not
only geodynamics but also geochemistry and geology, but it is essential to consider the physics of mantle
convection within the framework of the transient Earth.

Appendix A: Derivation of Equation (18)
Equation (17) is based on the temperature scale of ΔTH [Solomatov and Moresi, 2000], so Nu = 1∕Ti∗ , and exp(𝜃)
represents the total viscosity variation over the range of ΔTH . The use of the surface Rayleigh number Ras
in this equation is consistent with the adopted temperature scale. Equation (17) by itself is not easy to use
because Nu appears inside the square root on the left-hand side and within the exponential function on the
right-hand side. It can be rearranged to a more straightforward expression such as equation (18) as follows.
First, from equations (6)–(8), we have
Ras
ΔTH 𝜂i
=
= Nu exp(−𝜃i ),
Rai
ΔTTi∗ 𝜂s

(A1)

where 𝜃i = 𝜃Ti∗ . Note that Ti∗ in the above is from equation (8) and is normalized by ΔT . Thus, the term
ΔTH ∕(ΔTTi∗ ) as a whole is equivalent to 1∕Ti∗ (where Ti∗ is normalized by ΔTH ), which is Nu. The quantity exp(𝜃i )
corresponds to the relative viscosity variation between the surface temperature and the internal temperature, i.e., 𝜂s ∕𝜂i . Second, exp(𝛽𝜃∕Nu) in the right-hand side of equation (17) is equivalent to exp(𝛽𝜃i ) because
Nu = 1∕Ti∗ . Then, using 𝜃 = 𝜃i ∕Ti∗ = 𝜃i Nu and equation (A1), equation (17) may be expressed as
(
)]1∕2
[
Nu 1 − 2Nu−1 1 − arh 𝜃i−1
= a𝜃i−(1+𝛽) Ra𝛽i ,

(A2)

which can be solved for Nu as
Nu = 1 − arh 𝜃i−1 +

[(

1 − arh 𝜃i−1

)2

+ a2 𝜃i−2(1+𝛽) Ra2𝛽
i

]1∕2

.

(A3)

Equation (18) is derived from the above by noting that Nu = q∗t ∕Ti∗ with the temperature scale of ΔT .

Appendix B: Derivation of Equation (19)
For a statistically steady state of stagnant lid convection with purely internal heating, the vertical proﬁle of horizontally averaged temperature may be divided into two parts, a conductive lid and an isothermal convecting
interior. With uniform internal heating, a conductive proﬁle within the lid may be expressed as
T ∗ = z∗ −

1 ∗2
(z ) ,
2

(B1)

where temperature is normalized by ΔTH , and z∗ is 0 at the surface and increases downward. At the base of
the lid, i.e., z∗ = 𝛿 , the temperature matches the internal temperature, so
)
(
1
Ti∗ = 𝛿 1 − 𝛿 .
(B2)
2
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Because Nu = 1∕Ti∗ , the above equation may be solved for the boundary layer thickness as
𝛿 =1−

√

1 − 2∕Nu.

(B3)

The average temperature of the entire system is given by
𝛿
∗
Tave
=

∫0

(
(
)
)
1
1
𝜁 − 𝜁 2 d𝜁 + (1 − 𝛿)Ti∗ = 𝛿 1 − 𝛿 + 𝛿 2 .
2
3

(B4)

Equation (19) is derived from equations (B2) and (B4). Note that equation (19) was incorrectly published in
Korenaga [2016].
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